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“Be of good cheer. Do not think of today’s failures, but of the success that may
come tomorrow. You have set yourselves a difficult task, but you will succeed if you
persevere; and you will find a joy in overcoming obstacles. Remember, no effort that
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Introduction
Gravitational Waves’ detection has probably been one of the most important discoveries
of the last years: in 2015 Gravitational Waves (GWs) have been measured [1] after almost
one century since their prediction in 1916 [2–4] and have given an important confirmation
of the validity of General Relativity (GR). GWs have been of extreme importance also for
a better understanding of our Universe since they offer a new way to test Cosmology [5]
and to provide information otherwise inaccessible on their sources [6, 7]. An important
achievement for the future of GW experiments is the detection and characterization of the
Stochastic Gravitational-Wave Background (SGWB) [8–12]. This background is able to
provide information on the early Universe, when produced by cosmological sources (e.g.,
inflation, cosmic strings, phase transitions, see [13–16]) and on the population properties
of astrophysical sources like Black Hole (BH) or Neutron Star (NS) mergers (see [17–21]
and [22] for a review). To detect such signals, laser-based interferometers have been built
like KAGRA [23], aLIGO [24] and aVirgo [25] and are still being proposed like LISA [10],
DECIGO [26] and BBO [27] on space and ET [28], CE [11] on earth.
The SGWB is generated by the superposition of GW signals that are too weak or
too numerous to be individually detected. Despite it has not been observed yet, the
latest detections by the Advanced Laser Interferometric Gravitational-wave Observatory
(LIGO) and Virgo collaboration have given very important constraints on the SGWB.
These observations suggest an unexpected result: the rate and the mass of coalescing binary
BH seem to be greater than the theoretical expectations and this implies that the expected
stochastic background by these astrophysical sources can be very loud. Furthermore the
LIGO/Virgo collaboration has been able to put upper limits on the stochastic background
[29, 30]: they put an upper bound on the energy density of GWs, ΩGW, that has to be less
then almost 5.8 ·10−9 at the 95% credible level for a frequency-independent GWB and less
than 3.4 · 10−9 at 25 Hz for a power-law GWB with a spectral index of 2/3.
As mentioned before, it is possible to distinguish two different contributions to such a
background: the first one is generated by late time unresolved astrophysical processes, both
short-lived like binary coalescences of binary BH or NS [21] or Supernovae explosions (SNe)
[20] and long-lived like pulsars [31] or captures by Super-Massive Black Holes (SMBH) [32].
The second one is due to the presence of processes in the Early Universe like inflation (see
[14] for a review), phase transitions [33, 34], topological defects (e.g. [35]) or second order
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induced GWs [36, 37]1. The primary target in the search for the stochastic background is
the monopole of the energy density, i.e. the isotropic component, indicated with Ω̄GW(f),
where f is the frequency [12, 13, 15, 16]. Even though the monopole alone is able to provide
plenty of information, the final goal of this thesis is the analysis and the characterization
of the anisotropies of the AGWB. These latter are characterized by a direction dependence
and can be generated both at the production and during the propagation of the GW
signal in our inhomogeneous Universe [39–41]. The energy density anisotropic component
is defined as ΩGW(f, n̂), where n̂ is the direction. Such a component can be imprinted
by the inhomogeneities of the matter distribution in the propagation of the signal and
the associated power spectrum depends on the source properties [42, 43], allowing so,
if detected, to deduce some new astrophysical information on the sources not accessible
otherwise. The need to model properly the signal arises from the necessity to disentangle
the two contributions. The astrophysical component is, in fact, more likely to be detected
sooner with respect to the cosmological one, considering that we have already seen resolved
gravitational waves from astrophysical sources and the claim by the NANOGrav [29, 30,
44, 45] collaboration of a possible detection of a stochastic signal. Moreover it acts as a
noise for the cosmological part, so one should be able to subtract the former in order to
observe the latter and finally distinguish the two.
An interesting peculiarity is that the physics behind the anisotropies of the Gravitational-
Wave Background is analogous to the one of the fluctuations of the Cosmic Microwave Back-
ground (CMB). It is well know that CMB photons were produced at the last-scattering
epoch (z = 103) and since then they propagated freely in our Universe; this makes the
CMB a snapshot of the primordial Universe and it allows us to obtain information about
its early phases [46]. CMB anisotropies can shed light not only on the properties of struc-
ture formation but also on fundamental cosmological quantities like the expansion rate, the
matter content and the geometry of the Universe [47]. In a similar way also the AGWB
anisotropies [48, 49], like galaxy density perturbations, redshift-space distortions, local
gravitational potential and the Integrated Sachs-Wolfe (ISW) effect [50] bear the same
information.
An important aspect studied in the last years and strictly related to the clustering
is the presence of primordial non-Gaussianity (NG) [51–54]. A prediction of standard
inflation is that the density fluctuations in the early Universe were nearly Gaussian [55–
57]; non-standard scenarios, on the other hand, allow for a large level of NG and it is
easy to understand that tighter limits on NG would rule out some of these models and
provide invaluable information on the nature of physical processes in the early Universe
(see [58] and references therein). The standard observables to constrain NG are the CMB
[59, 60] and the late-time evolution of Large-Scale Structures (LSS) [59, 61, 62]. A powerful
technique to constrain NG is based on the abundance [52, 63] and clustering [51, 64] of rare
events. Hence the abundance of virialized objects (e.g., galaxy clusters) can be recognized
as a probe of NG: since clusters are rare objects that form from the largest fluctuations on
1See also [13, 38].
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the tails of the probability density function (PDF), their abundance is sensitive to changes
in the shape of the PDF, like the ones caused by the NG [65]. Moreover it has been shown
[65–67] that primordial NG affects the clustering of Dark Matter (DM) halos inducing
a scale-dependence in the bias so, if constrained, it will provide a powerful test of the
generation mechanism of cosmological perturbations (that gave origin to the LSS) in the
early Universe. The aim of this thesis is to see how the introduction of NG would modify
the cross-correlation spectrum between AGWB and CMB anisotropies.
It must be specified that the idea of cross-correlating two different signals is not new.
Many papers aimed to use this tool have been proposed, like [68, 69] that correlated LSS
and the CMB to study the ISW effect and to measure the weak lensing effect, or [70] that
studied the correlation between LSS and neutrinos in order to constrain potential source
population for the high-energy astrophysical neutrinos and provide spatial evidence for
their existence. In [71], the cross-correlation of resolved GW with LSS has been used to
better understand the origin of BBHs. Furthermore in [72] the cross-correlation of GW
with galaxy catalogues has been used to improve the possibility to detect the AGWB, while
in [73] the authors suggest that the cross-correlation between the GW strain and galaxy
surveys would provide a new way to probe theories of gravity.
In this thesis we analyse the cross-correlation between the AGWB and the CMB and
such a correlation is expected since gravitons share their perturbed geodesics with CMB
photons. In order to achieve such results we firstly obtain and analyse the power spectrum
for the CMB and for the AGWB. In Chapter 1 we provide some background information
on GWs and on the SGWB. In particular the production and propagation of GWs will be
discussed. Then the characteristics and the main sources of the cosmological background
will be described. In Chapter 2 we discuss the biasing between ordinary matter and
the underling matter distribution, considering the presence of a non-Gaussian bias, that
introduces a scale-dependent term. In Chapter 3 we analyse the CMB anisotropies. In
particular we obtain the collisionless Boltzmann equation in the Poission Gauge; then
the collisional term is introduced and an expression for the anisotropies at first order
is derived. In the final part of the Chapter we show the procedure to get the angular
spectrum. In Chapter 4, we discuss the AGWB anisotropies that we obtain perturbing the
geodesic equation. We derive an expression for the anisotropies in a general gauge and then
we evaluate the power spectrum, specifying the various source terms as a function of the
matter density fluctuations. The original part of this thesis is reported in Chapter 5, where
the cross-correlation power spectrum between the CMB and the AGWB anisotropies is
computed, considering the presence of the non-Gaussian, scale dependent, bias, and taking
into account all the contributions coming from CMB and AGWB anisotropies at different
scales. We generate plots of the cross-correlation using the public code Multi_CLASS
[74]. We modify the code, developed for the study of resolved GW sources and and different
galaxy population models, introducing an astrophysical kernel obtained considering the
contribution to the AGWB generated only by BBHs, since it is very likely to be observed
by Advanced LIGO [75]. We find that the impact of a NG bias on the cross-correlation
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can be a useful tool to test cosmology on large scales. We find that the spectrum shows
a peak at ` ∼ 25, then it decreases for higher multipoles. Furthermore our results show
that a negative fNL could suppress the spectrum while a positive value could enhance it.
We also study the percentage difference with respect to the Gaussian behaviour (fNL = 0)
both for the auto-correlation and the cross-correlation. We find that on one hand the
auto-correlation spectrum experiences a higher enhancement with respect to the cross-





1.1 A general treatment on gravitational waves
Nowadays there are no doubts about the existence of GWs, after their first detection in
2015 [1]. One can define a GW as a small ripple that propagates across space-time. There
is in general confusion in distinguishing whether GWs are real or just artifacts so that for
many years it has not been clear if GWs were artifacts or not. It is fundamental to find a
way to discriminate the physical and coordinate independent modes from the coordinate
artifacts ones. In order to extract the physical modes one needs an observer that detects
them and this implies that these waves should also transfer energy (because in this way it
is possible to measure them). Since a precise local definition of energy is possible only in
the context of Special Relativity (SR), applying it to the concept of GWs results difficult.
Luckily there are some particular situations in which it is possible. For example, in the case
of an asymptotically flat background (e.g. the Minkowski one) that surrounds a localized
source the emits radiation, such emitted energy implies a decrease of the energy of the
source, that as a consequence should loose mass. However, it must be specified that the
signal observed consequently to this loss of mass will not be a single GW, but packets of
GWs that contain the characteristic frequencies associated to the signal.
The main problem is related to find a proper definition of the energy of gravitons.
Moreover one should take into account that gravity is a covariant theory [2] and so all the
essential quantities of a wave must be coordinate independent (i.e. physical); the key to
prove that GR satifies these properties resides in the Equivalence Principle (EP) [76]. The
basic idea behind the Equivalence Principle is that it is possible to choose locally a reference
frame where the gravitational field effect vanishes. In 1922 Eddington [77] explained the
difference between the physical modes and the artifacts ones. In particular it is possible
to reject the spurious waves obtaining the physical ones choosing the local frame of an
observer in a static configuration. For this purpose, the EP can be rewritten with the
following statements: the equation of motion of a spherically symmetric test particle in
5
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a gravitational field is independent on its mass and composition (that means the inertial
mass coincides with the passive gravitational mass) and matter (any form on energy) is
subject to the effects of a gravitational field and is itself a source of gravitational field
(that means that passive gravitational mass coincides with active gravitational mass). It
is possible now to define local observations, i.e. observations confined to a region where
the variation of the gravitational field is small1 and inertial frames (IF) (dynamically,
non rotating, free-falling frame). The limit process that allows to move from GR to SR
can now be stated: “the laws of SR are locally valid in an inertial frame” or equivalently
“a frame linearly accelerated relatively to an IF is locally identical to a frame at rest in
a gravitational field”. So one can generalise the formalism appropriate to describe this
experimental situation to generalise the prescription used in SR. In this latter case a free
particle is described by the following equation of motion [76]
d2xα̂
dτ2
= 0 , (1.1)
with τ is the proper time of the particle world line defined as dτ = (−ηα̂β̂dx
α̂dxβ̂)1/2. In








= 0 , (1.2)
with now dτ = (−gµνdxνdxµ)1/2 and Γµνρ are the Christoffel symbols. These latter quanti-
ties are fundamental since represent the gravitational field. Into this geometrical formalism
one can incorporate the principle of covariance and the theory of gravitation should be in-
variant under a group of general coordinate transformations.
The compatibility of GR with SR through the EP implies that any modification of a
gravitational field has to propagate at maximum at the speed of light, c. Combining these
results with the analogies between gravitation and electromagnetism allows to consider the
presence of radiative solutions also for the Einstein equations [2]
Gµν ≡ Rµν −
1
2
gµνR = 8πGTµν . (1.3)
The quantity on the LHS is the Einstein tensor Gµν that represents the geometric curvature
of the space-time. It is defined in terms of the Ricci tensor Rµν (obtained from the Riemann











and encodes all the information of a given curved manifold. The quantity on the RHS is
the stress-energy tensor Tµν that describes the energy density and the momenta of the
1The EP implies that in a frame of reference that falls with gravitation test particles, no gravitational
effects will be observed.
2The following expression is obtained generalizing the partial derivative with the covariant derivative.
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particles considered. One can now understand that meaning of the Einstein Equations:
they describe how the matter content, represented by Tµν curves and determines the
structure of the space time, described by Gµν .
1.1.1 Gravitational Waves as perturbations of the background
The first fundamental step to describe the Gravitational Wave Background is to define
what is a Gravitational Wave. In the following firstly they will be derived in the simplest
situation of a flat background, then the treatment will be generalized to the case of a
curved one.
GW in a flat space A typical approach to describe the properties of a GW consists in
analysing the waves as small perturbation to the metric of a flat background (Minkowski),
since this allows to show in a very simple way that these small perturbations obey to a
wave-like equation (“linearised theory”). In this case one can simply add the perturbation
hµν to the metric ηµν [15, 16]
gµν = ηµν + hµν(x) , with |hµν |  1 . (1.5)
The gravitational wave can be defined as the difference between the total metric and
the Minkowski one while the condition |hµν |  1 allows only weak gravitational fields.
One must remind that the numerical values of the components of a tensor depend on the
reference frame chosen and so saying that this latter condition holds means that there exist
a reference frame were it is verified on a sufficiently large region of space [12]. However, the
choice of a reference frame where (1.5) holds leaves a residual gauge symmetry. Considering
now a general coordinate transformation x′µ → xµ + ξµ, one can show that the metric
perturbation transforms as
h′µν(x
′) = hµν(x)− ∂µξν − ∂νξµ , (1.6)
where, in order to preserve the weak field condition, it must result |∂µξν | ≤ |hαβ|. Let
us now evaluate the Einstein equations. Recalling now how the Ricci tensor Rµν and the
Ricci scalar R are defined, it is possible to obtain the Einstein tensor Gµν as function of
hµν (to first order in the metric perturbation), as follows (see Appendix A.1)










α∂µh̄να −h̄µν − ηµν∂α∂βh̄αβ) , (1.7)
with
h̄µν = hµν −
1
2
ηµνh, with h = ηµνhµν , (1.8)
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that under a coordinate transformation becomes
h̄′µν(x
′) = h̄µν(x) + ηµν∂αξ
α(x)− ∂µξν(x)− ∂νξµ(x) . (1.9)
It must be underlined that despite choosing a reference frame leaves a residual gauge sym-
metry in hµν , the Riemann tensor remains invariant (this can be verified simply inserting
(1.6) in the definition of the Riemann tensor Rµνρσ).
It is possible now to exploit the presence of a gauge freedom to impose a condition that
simplifies the calculation: the Lorentz gauge, defined as
∂ν h̄µν = 0 . (1.10)
This gauge can always be chosen. Let us suppose to be in a frame in which such a condition
is not verified. In order to see if it possible to find a frame in which the condition holds, it
is necessary to apply it to expression (1.9), obtaining
∂ν h̄µν → (∂ν h̄µν)′ = ∂ν h̄µν −ξµ , (1.11)
where  = ηµν∂µ∂ν = ∂µ∂µ is the d’Alambertian. Imposing that in the new coordinates
the Lorentz condition must hold, it is easy to see that one has to choose ξµ such that
ξµ = fµ = ∂
ν h̄µν (1.12)
and since the d’Alambertian is invertible this equation always admits solutions3. The










The final result is a wave equation with a source term. In general, being h̄µν a metric
perturbation, it shows 10 degrees of freedom that reduce to 6 after imposing the Lorentz
gauge. In order to study the propagation of a GW, it is more interesting to study this
latter equation outside a source, where Tµν is 0. Equation (1.16) so becomes
h̄µν = 0 (1.17)
3As explained by [16], denoting a Green’s function with G(x) it holds




d4xG(x− y)fµ(x) . (1.14)
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and the first result that one can easily deduce is that, since  = −(1/c2)∂20 + ∇2, GWs
travel at the speed of light. The next step is related to the fact that the Lorentz condition
doesn’t fix the gauge completely. Supposing to start from the coordinate system x′ in which
such a condition holds and go to another coordinate system x′′ in which the condition still
holds, following the previous explanation one finds
ξµ = 0 . (1.18)
This means that one could choose ξµ that verifies this latter condition but also impose four
conditions on h̄µν . In particular one could take ξ0 so that the trace h̄ = 0. Considering
now (1.8), one obtains h̄µν = hµν . Moreover one could choose ξi(x) so to impose h0i(x) = 0
and this implies
∂0h00 + ∂
ih0i = 0 ⇒ ∂0h00 = 0 . (1.19)
This condition means that the h00 term is time-independent; this corresponds to the static
part of the gravitational interaction, so to the Newtonian potential of the source that
generated the gravitational wave. The GW itself is the time-dependent part so, as far as
one accounts for it, h00 = 0. Only the spatial components of hµν are left and they satisfy
the transversality condition ∂jhij = 0. After fixing the residual gauge freedom, hµν is left
with only two degrees of freedom. Specifically the three conditions
h0µ = 0, h
i
i = 0, ∂
jhij = 0 (1.20)
determine the so called transverse-traceless (TT) gauge. Before proceeding it is worth to
underline that this gauge cannot be imposed inside the source since, despite the condition
ξµ = 0 can still be imposed, in this case hµν 6= 0 and so no component of h̄µν can
be set to zero. The solution of (1.17) is the plane wave hTTij (x) = eij(k)e
ikx4, where the
quantity eij(k) is called polarization tensor and kµ = (ω/c,k) with ω/c = |k|. Choosing
the direction of propagation n̂ = k/|k| along the z axis one could finally write
hTTij (t, z) =



























where the two degrees of freedom h+ and h× are called plus or cross polarization. The line
4Notice that only the real part will be considered at the end of the calculation.
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element becomes
ds2 = −c2dt2 +
{

























Before concluding this part it must be specified that the linearised theory on the one hand
simplifies the calculation but on the other leads to inconsistencies [78]. From the Lorentz




h̄µν,ν = 0 , (1.24)
that leads to the conservation law Tµν,ν = 0. This latter equation implies that the mo-
mentum of a mass in the Earth’s gravitational field, for example, would be conserved if
the region outside the object is the vacuum. This means that if the object was initially
at rest, it will not fall. In other words the energy momentum conservation written here
contains no effects of gravity. Linearised theory so assumes that gravitational forces do
not do significant work [78].
GW in a curved background The next step is to generalize these definitions to the
case of a curved background, in order to be able to define a GW over a Friedman-Lemaitre
Roberson Walker (FLRW) metric. GW will so now discussed in a full General Relativity
context. In particular in this section it will be shown a relation between GW and the
background curvature obtaining at the end of the discussion an expression for the stress-
energy tensor of GWs. This is possible going if one goes beyond linearised theory and this
is not a simple task since one should generalize the theory to
gµν(x) = ḡµν(x) + δgµν(x) with |δgµν(x)|  |ḡµν | (1.25)
and ḡµν a general metric. The problem that now arises is related to the fact that since
ḡµν can contain space- and time- dependent components it results difficult to distinguish
the background from the fluctuations5. A natural and simple way to split the background
and the fluctuations (gravitational waves) arises when there is a clear separation of scales
between the two. A useful way to simplify such a description is to use the shortwave
formalism [79, 80], assuming that the GW amplitudes are very small and also that their
wavelengths are smaller than the background curvature. This means that the effects of the
GW on the background are very small and locally one can still use linearised theory.
First of all one has to define the reduced wavelength6 of the gravitational waves λ̄ =
5This problem was not present previously since the background metric (Minkowski) was constant.
6Typically one considers the reduced wavelength since for a function g(x) that oscillates as eikx it results
[16] ∣∣∣∣ dfdx
∣∣∣∣ = 2πλ |f | .
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λ/2π. Calling now LB the typical scale over which the background varies, whenever it is
possible to impose that λ̄ LB then it is possible to ensure that the GW are small ripples
that propagate on a background of large scale curvature. The regime where this limit holds
is called geometric optics regime. The meaning of this splitting is related to the variation
of the two quantities: one can interpret the GWs as rapidly varying perturbations over a
slowly varying background. This is what happens in the case of a FLRW metric which
takes into account the expansion of the Universe, whose typical space and time variations









For a mechanism of GW production in matter or radiation dominated eras, called t∗ the








Since the Universe is expanding it holds H∗  H0 and so the condition mentioned for
the separation of the background and the perturbations holds. A similar approach, called
peak-background split ([81]) will be adopted in Chapter 2 in the case of galaxy clustering.
An implication of what said up to now in this section is that a gravitational wave can be
well defined only for small amplitudes, since otherwise the separation from the background
would not be possible.
After this introduction we can identify the GW contribution as δgµν = hµν , while the
background one with g(B)µν so that one can write
gµν = g
(B)
µν + hµν . (1.28)
As explained by [82] one can summarize the approximation described in the above discus-
sion assuming that the metric satisfies the following properties:
1. the amplitude of the gravitational wave can be expanded with respect to the back-
ground metric by means of a small parameter A that corresponds to the amplitude
of the wave, i.e.
hµν . AO(g(B)µν ) ; (1.29)
2. the scale on which the background metric varies has to be greater or at least equiv-







7Note that R is the typical scale LB described before. It is now called R since it corresponds to the
magnitude of the background Riemann tensor Rαβµν [78].
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∇µhαβ∇νhαβ + hαβ(∇µ∇νhαβ +∇α∇βhµν −∇ν∇βhαν −∇µ∇βhαβ)
(1.34)











here ∇µ is the covariant derivative with respect to the background space-time metric. The
final goal of the shortwave formalism is to solve the vacuum field equations Rµν = 0, order
by order. The first step is to extract the part that is linear in the amplitude of the wave.
The action of the waves to curve the background is a non linear phenomenon, since in the
linearised theory it does not show up [78]. The only linear term is then R(1)µν . Moreover
since R(B)µν is constructed upon the background metric, it contains only long wavelength
modes; it varies on scales of the order of R so one can assume 〈R(B)µν 〉 = R(B)µν . The first
order term is linear in hµν by definition and so one expects it to contain only low wavelength
modes. Furthermore R(1)µν , due to its oscillatory nature, has vanishing average and so gives
no contribution to the background. Such term so verifies the Einstein equations and one
is allowed to write R(1)µν (h) = 0. For what regards R
(2)
µν , being quadratic in hµν can show
both low and long wavelength modes (these latter vary very slowly and so can be averaged
over many reduced wavelengths). One can so write
R(B)µν + 〈R(2)µν 〉+ higher orders = 0
R(1)µν (j) +R
(2)
µν − 〈R(2)µν 〉+ higher orders = 0 (1.36)
Note the presence of a non linear correction to R(1)µν in the second equation9. Let us
focus now on the first equation. It shows how the stress-energy in the waves creates the
8An explanation of the calculation can be found in [83]. The idea is to evaluate the Christoffel symbols
in a coordinate system in which the background connection coefficients vanish at that point and than use
the general covariance to come back to the original system. An example of the evaluation of R(1)µν can be
also found in Problem 1.1 of [16].
9Since the equation written contains terms up to the second order, one cannot neglect the non linear
term in hµν now. The presence of such term comes from the fact that hµν depends on a term linear in A
as shown in the first property but also on higher orders in A
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background curvature and can be rewritten as























with ∇µ covariant derivative with respect to the background space-time metric and 〈...〉
the spatial average over many reduced wavelengths. The second equation, on the other
hand, show how the gravitational wave generate nonlinear correction to themselves. If then
one stops at the first order, the nonlinear terms can be neglected.
1.1.2 Geometric optics regime
To conclude this introduction on GW in a curved background it is worth to analyse in a
more detailed way the geometrical optics regime. As explained by [78] one can summarize
the fundamental laws of geometric optics with the following statements
1. the waves’ trajectories are null geodesics (this implies that the wave vector must
satisfy the condition pµpµ = 0;
2. the polarization vector is perpendicular to the wave vector and propagates along the
trajectories;
3. it exists an adiabatic invariant related to the amplitude which states the conservation
of the number of photons
Let us verify that also the graviton satisfies the above properties. First of all one can
parametrize the GW hµν in the Lorentz gauge (∇µhµν = 0)




where h0µν is a slow varying amplitude while the exponential contains a rapidly varying
phase, in which the dependence on λ̄ is encoded. Using the Lorentz gauge allows to find out
immediately that the wave-vector (defined as pµ = ∂µθ) is orthogonal to the polarization
tensor. It results
∇µhµν = ∇µh(0)µν eiθ + ipµh(0)µν eiθ = 0 (1.41)
and since it must hold at the first and second order in λ̄ it follows
∇µh(0)µν = 0 , pµh(0)µν = 0 . (1.42)
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The Einstein equations in the vacuum, in the Lorentz gauge, at the first order can be
written as [78]
∇α∇αhµν + 2R(B)αµβνh
αβ = 0 (1.43)











∇α(h(0)µν pα) +∇αh(0)µν pα
]
−h(0)µν eiθpαpα = 0 (1.44)
The latter equation must be satisfied at any order in λ̄ and this implies that at the ze-
roth order one is able to obtain the evolution of the amplitude of the waves on a curved
spacetime; at first order one obtains the conservation of the number of gravitational wave
(∇α(hpα) = 0), while at second order one finally gets pµpµ = 0, that is the condition
of null geodesics. It has been proved that the GW can be seen as particles that move
along a geodesic. Since the same holds also for the photons it is easy to understand why a
spatial-correlation between the SGWB and the CMB is expected: both signals share the
same perturbed geodesics.
1.2 Insights on the generation of Gravitational Waves
GWs have now been defined, also in the case of a curved, expanding background. Now it
must be specified how such waves are generated; as it will be briefly shown in the following,
a quadrupole moment is essential for the production of a GW signal. We specify that the
following calculation will be carried out in linear theory, so assuming that the gravitational
field generated by the source is weak enough to allow an expansion around flat space-time.
Another way to see this assumption in the case of a system held by gravitational forces is
that the typical velocities in the source are small (v  c) (this is an easy way to see how
gravitational waves are produced). Starting from (1.16) and using the so called retarded




















c ) , (1.45)
with c the speed of light, ω is the frequency and T̃kl is the Fourier transform of the spatial
part of the energy-momentum tensor Tµν of matter. This equation shows the solution of











Pij(k̂) = δij − k̂ik̂j . (1.47)
10The operators Pij are projectors on the subspace orthogonal to the wave vector that satisfy the
conditions
Pijki = 0 PijPjl = Pil .
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One can show that Λ is transverse on all indices (niΛij,kl = 0 and njλij,mn = 0) traceless
with respect to the (i, j) and (k, l) indices (Λii,kl = Λij,kk = 0). This projector is used to
project hµν in the TT gauge11, in fact it holds
hTTij = Λij,klhkl . (1.48)
Let us now consider equation (1.45). Since the motion inside the source happens at veloci-
ties much smaller than the speed of light it is possible to expand the gravitational radiation




















where Skl, Skl,m, Skl,mp are the momenta of T kl and can be written as [16]
Skl(t) =
∫
d3xT kl(t,x) , (1.50)
Skl,m(t) =
∫
d3xT kl(t,x)xm , (1.51)
Skl,mp(t) =
∫
d3xT kl(t,x)xmxp . (1.52)
Note that the label “ret” indicates that the functions are evaluated at the retarded time























is the quadrupole moment and ρ is the mass density. The absence of a monopole or dipole











and are conserved quantities. One could show, in fact, that respectively the monopole and
the dipole term would depend on them and since hTTij depends on the derivatives of the
multipole moments, the contributions from M and P i, must vanish12. Another possible
explanation is related to the fact that the particle behind the GWs, the graviton, presents
helicity ±2 (one can show that it is not possible to put a graviton in a state with total
angular momentum 0 or 1)13. Without entering into the details, this leads to the absence
of monopole or dipole radiation, confirming what said before.
11At pag. 9 of [16] more details on the projector Λ are reported.
12Although the conservation of M and P i is valid only at linear theory, the absence of a monopole and
dipole radiation holds more generally.
13More details on the elicity, angular momentum and parity of the gravitons are reported in the problem
2.1 and 2.2 of [16].
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Just to conclude it is useful to report the expressions of the emission rate of energy E
and orbital angular momentum Li by the source, in the limit v  c. They are expressed


















1.2.1 Propagation of Gravitational Waves
The last topic to be treated in this section is the propagation of GWs, after their production,
in an expanding Universe. The GW equation of motion is given by the Einstein equations
linearised to first order in hij (the TT label will be dropped from now on to simplify the
notation). Starting from the Einsten equations, since the FLRW metric can be written as
ds2 = −dt2 + a2(t)(δij + hij)dxidxj , (1.58)
with a the scale factor, after the evaluation of the Christoffel symbols, of the Riemann and
Ricci tensors, keeping only the TT piece of the metric perturbation one is able to write
ḧij(x, t) + 3Hḣij(x, t)−
∇2
a2
hij(x, t) = 16πGΠ
TT
ij (x, t) , (1.59)
where ∇2 is the Laplacian associated to the comoving coordinates xi, the dot indicates the
derivative with respect to t and ΠTTij is the transverse and traceless part of the anisotropic
stress. This latter is defined as
a2Πij = Tij − pa2(δij + hij) , (1.60)
with Tij the spatial components of the energy-momentum tensor and p the background
pressure. An easy way to obtain the transverse and traceless part is achieved if the com-







and the traceless and transverse part of the tensor can be obtained applying the projector
Λij,lm(k̂) defined before. It is also possible to decompose the perturbation into its two









ij (k̂) . (1.62)
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Note that the two polarization tensors are symmetric, transverse and traceless. They are
defined as
e+ij(k̂) = ûiûj − v̂iv̂j , e
×
ij(k̂) = ûiv̂j + v̂iûj , (1.63)
where û and v̂ are unit vector orthogonal to the direction of propagation k̂ and to each





















In linearized GR, GWs propagate freely, after being produced by the source, through the
FLRW space-time, so it is worth to obtain the free solution of this equation in two particular
regimes: the first is the one of wavelengths smaller than the Hubble radius, the second is
related to wavelengths larger than the Hubble radius. A good choice is to work with the
metric written in conformal time. Defining now
Hij(k, η) ≡ ahij(k, η) , (1.66)
one can rewrite (1.59) as






Hij(k, η) = 16πGa
3ΠTTij (k, η) . (1.67)
























Each ′ denotes a derivative with respect to the conformal time η and k = |k| is the
comoving wave-number. Considering now the simple case in which the source is absent,
that means ΠTTij = 0, and focusing only on the Fourier amplitudes h
(r), one gets






H(r)(k, η) = 0 , (1.68)
with H(r)(k, η) = ah(r)(k, η). For a scale factor that has a power law dependence on time,
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where jn and yn are the spherical Bessel functions and A(r), B(r) are dimensional constants
determined by the initial conditions. It is interesting to see what happens in the case of
sub- and super-horizon scales (k  H, k  H respectively).








Since hij is real, one can write A(r)(k) = (B(r)(k))∗ and B(r)(k) = (A(r)(k))∗; the final
solution becomes a superposition of plane waves with wave-vector k and an amplitude that












(r)(k̂)eikη−ik·x + c.c.] . (1.71)
In the opposite case, one can neglect the k2 term obtaining as a solution





The first term is constant in time, the second one decays as the Universe expands. Since
during inflation the expansion is almost-exponential the second term becomes quickly neg-
ligible and the perturbations so remain constant; when they re-enter the Hubble radius,
for example during MD or RD epochs, they behave as GWs, following the solution found
on sub-horizon scales.
1.3 Classification and frequency bands
Up to now we defined GWs, studying their production and their propagation in an ex-
panding Universe. In this section, we will classify the various signals depending on their
duration and on their frequency. Let us start distinguishing GW considering the types of
signal that could be observed. Later on a splitting in different frequency bands will be done
in order to differentiate the various processes that are expected to give rise to GWs. After
that we analyse the statistical properties of the SGWB, that is the focus of this thesis.
One can distinguish three types of GWs [84]
• Impulsive (bursts), that are produced by an intense gravitational radiation and typ-
ically can be produced by a Supernova (SN) explosion, by gamma ray bursts or
through the merging of two black holes [85];
• Periodic, that correspond to events whose frequency is more or less constant for
long periods of time; these types of waves are expected to be originated by binary
neutron stars (NS) that rotate around their center of mass or by a neutron star that
is accreting, absorbing material form another star [86, 87];
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Figure 1.1: Plot of the dimensionless energy density in GWs against frequency for a variety
of detectors and sources. Image Credit: [84].
• Stochastic, that is due, as it will be explained later, to the superposition of nu-
merous or faint unresolvable signals that could be originated by processes in the
early-Universe or by astrophysical sources [15, 88, 89] .
A good way to distinguish the various contributions, consists in analysing the spectrum,
since different signals are expected to appear in different parts of the spectrum itself. It is
possible to define four bands that are being explored experimentally: the high frequency
band, the low frequency band, the very low frequency band and the ultra low frequency
band [82].
High frequency band This band is associated to the range of frequencies from 1 Hz
to 103 Hz and is targeted by ground-based interferometers. It can be shown that the







where M is the value of a solar mass. The highest frequency expected is set to 104 Hz.
That is because a gravitational-wave source cannot be much smaller than its gravitational
radius 2GM/c2 and to achieve such size and so emit near the maximum frequency, an
object has to be heavier than the Chandrasekhar limit, that is about the mass of the Sun
[90]. This band is the domain of Earth-based interferometers. For what regards the lower
bound, it is set by various effects, like the Earth vibrations. The sources that fall in this
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band are collapsing of a star into a neutron star or a black hole, both in our galaxy or in
distant galaxies, coalescing NS or BH binaries (with masses below 103M [82]) in distant
galaxies or some sources of the stochastic background like vibrating loops of cosmic strings,
phase transitions in the early Universe [14, 91]. Some detectors already operating in this
band are the LIGO and Virgo interferometers and KAGRA. Planned detectors are ET and
CE.
Low Frequency Band This band contains frequencies in the range 10−4 − 1 Hz and is
the range that will be explored by space-based detectors (both in Earth orbit or heliocentric
orbit). In this case the upper bound is given by the cutoff of Earth-based interferometers
(see the previous point) while the lower limit is due to the noise related to the presence
of acceleration noise, associated to the random displacements of the proof masses caused,
for example, by local environmental disturbances [92]. In this range one expects signals
coming from short-period binary stars, from white dwarfs, NS or small BHs spiraling into
massive BHs (with M ∼ 3 · 105− 3 · 107M) or from the inspiral and coalescence of super-
massive BH binaries [93]. Some future space-based detectors expected to operate in this
range are LISA, DECIGO, BBO.
Very Low frequency band This band is typically associated to frequencies in the range
10−7 − 10−9 Hz. In this band the signals obtained by the timing of millisecond pulsars
(PTA) are expected. The principle behind PTA is very simple: when a GW passes over the
Earth, will perturb the flow of time and the effects of this perturbation consist in the rise
of fluctuations in the time of arrival of the pulses [94]. The upper limit of 10−7 Hz is set
by averaging over a time of few months while the lower one is set by averaging over a time
of ∼ 20 years [82]. The only compact bodies that are able to radiate in this band are the
ones that show a mass M ≥ 1011M [82]. The existence of such massive compact bodies
is still a matter of discussion. This is the frequency range explored by the NANOGrav
collaboration or the European PTA group [95].
Ultra-Low frequency band This band covers a range of frequencies from 10−15 Hz to
10−18 Hz. So one expects to find here GW that vary on length-scales comparable to the








with H0 the Hubble parameter today. GWs, generated in the early-Universe and that
produce anisotropies in the CMB, are expected to reside in this band: they squeeze the
space in one direction and stretch it in the other producing the anisotropy in the microwave
background [96]. Being more specific the deformation just described affects the primor-
dial plasma in the young expanding Universe. This creates a quadrupolar temperature
anisotropy in the plasma at recombination, causing the CMB to be linear polarized [47].
This is the regime of CMB experiments.
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1.4 Isotropic Stochastic Background
As it was specified in the previous section, one type of GWs that can be distinguished is
the stochastic one, given by the superposition of a high number of signals that cannot be
individually resolved. Its study, in particular of the astrophysical contribution, is at the
center of this thesis and that is a reason for which it is worth to spend some words on some
features that characterize it. Firstly it makes sense to understand why such a background
is considered stochastic.
As remarked by [97], the standard definition would be related to a random signal (grav-
itational wave signal, in this case) produced by a very large number of weak, independent
and unresolved sources. The word random suggests that the background has to be treated
only statistically, for what regards expectation values of the field variables or equivalently
for the Fourier components of a plane-wave expansion of the metric perturbations. More-
over, if the sources are very numerous the background can be considered also Gaussian, in
agreement with the central limit theorem [97]. It is necessary to underline that in general
there is a bit of disagreement in the literature since terms like “weak” and “unresolved”
depend on the details of the observation of the background and are characteristics that
basically depend on the details of the observation (sensitivity of the detector, total obser-
vation time) and not on the background itself. But as suggested by [97], a good way to
define a signal as stochastic is to check if a Bayesian model selection calculation indicates
that a stochastic model is more preferable to a resolved (and so deterministic) one. It
makes sense also to describe when a signal can be called resolvable. This happens if it can
be decomposed into separate and individually detectable signals (in a Bayesian sense). A
good point in the experimental analysis is to consider, then, a hybrid-signal model, that
expects both a deterministic and a non-deterministic components. So one could subtract
out the former in order to be left with the latter and then be able to then determine its
properties. Such properties will be now discussed. We specify that in this chapter we
will focus only on the isotropic contribution to the AGWB; the anisotropic one will be
described in Chapter 5.
According to General Relativity, GW are expected to be produced in a very large
variety of astrophysical phenomena so it is highly possible that the Universe is pervaded
by a background of gravitational radiation. A good way to differentiate the signals is to
analyse the spectral properties since they are peculiar for each source. Analysing them it
would be possible to understand which features are worth to be studied but also to see
how future gravitational experiments will be able to detect them. It is of great utility,








where f is the frequency in the observer frame, ρc is the critical density and ρGW is the
Gravitational Wave energy density. This quantity characterizes the strength of the GWB.
Statistically the background is assumed to be
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• isotropic, since this is an inner property of a FLRW Universe and also the CMB
presents the same characteristic. It is a reasonable assumption since even if the
background is given by the superposition of signals emitted from many uncorrelated
regions, the homogeneity and isotropy of the Universe is such that these region have
the same properties. Obviously this assumption can be easily relaxed considering,
for example,the presence of anisotropies in signal, as it will be seen later;
• unpolarized, that means that the gravitational radiation has statistically equivalent
polarization components plus and cross. The property of being unpolarized is related
to the absence of a significant source of parity violation in the Universe. In the
case of the SGWB it is worth to spend some words about that. In general it is
a good assumption to say that the gravitational radiation emitted by an object is
expected unpolarized, since the + and × polarization should be produced with equal
probability. Moreover the astrophysical background is given by the superposition
of signals with random distribution of polarization, so it is clear that the average
polarization should vanish. The interaction with matter is expected to be a source of
polarization. In particular if the GW flux is unpolarized, the observer will measure
an amount of polarization averaged over directions that could depend, for example,
on the abundance of scattering centers (number density of massive structures), on the
relative amplitude of anisotropies of the radiation impinging on a scattering center,
on the wavelength of the GW and on the size of the integrated cross section describing
the scattering off a given type of massive structure. As shown by [99] the amount
of expected polarization is very small (from ∼ 10−11 for PTA to 10−23 for LIGO)
on average14. It must be specified that in the case of the CGWB a polarization is
expected in relation to the presence of parity violating processes [100];
• stationary, in the sense that the dependence of the various statistical quantities is
on the difference between times and not on the choice of a time origin. This in
expected since the realistic observation times are of the order of 10 yr, so several
orders of magnitude smaller than the age of the Universe, to which it is unlikely
that the background presents statistical properties that vary over our observations
time scales. In considering a stationary stochastic process, one typically refers to
a process whose statistical properties do not depend on time. So in considering
different samples of the same observable one should observe the same properties for
every time and every wave mode [97];
• Gaussian, that means that the joint probability of the gravitational strains is a Mul-
tivariate Normal Distribution [97, 98]. It is worth underlying that this assumption
can be justified considering the central limit theorem. Being in fact the stochastic
background the superposition of a very large number of statistically independent and
random signals it should follow a Gaussian distribution. This also means that the
14They also mention that the degree of polarization could be much stronger and also detectable if in the
considered direction compact structures are present or if it is correlated with matter over-densities.
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mean values and the second-order moments are enough to describe completely the









where µ is the mean (1st momentum) and σ is the covariance (2nd momentum)
of the distribution. However the assumption of a perfectly Gaussian behaviour is
not completely correct: if one accounts for the anisotropies of the AGWB consid-
ered in this thesis (see Chapter 4, one could link the bispectrum of the AGWB to
the bispectrum of the primordial perturbations ζ that in general does not vanish
(〈∆ΩGW∆ΩGW∆ΩGW 〉 ∝ 〈ζζζ〉) [41, 101].
1.4.1 Spectral Properties
In this subsection we will consider the spectral properties of the background. First of all
it is necessary to recall the definition of the density parameter introduced in the previous
section. In the case of the astrophysical stochastic background one can write the density




fF (f) , (1.77)









In the latter expression Rz(z) is the rate of GW sources per interval of redshift z, dL =
(1 + z)r(z) is the luminosity distance, r(z) is the proper distance, while dEGW(f)df is the
gravitational spectral energy emitted by a single source (and observed in the detector
frame). In the case of binary coalescences, as shown in [102], the rate of GW source can
be written in terms of the mass fraction that is converted into progenitors λ and the rate














where E(Ωm,ΩΛ, z) =
√
ΩM (1 + z) + ΩΛ. Finally it is worth to specify that the observed
rate of binary coalescences depends on the star formation rate R∗ but also on the time






R∗(to(z)− td)Ptddtd . (1.81)
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Note that tc is the cosmic time corresponding to a redshift z, while zf is the redshift at
the formation time.
Another important aspect that is worth to be studied is related to the nature of the
background, in particular its duration. One in fact can distinguish in this way different
types of signals that present also different statistical properties. A quantity that helps in
determining this different statistical behaviour is called duty cycle. It is defined as the










where dRo(z) is the differential event rate and τ is the average observed duration of GW










with νmin is the lower frequency bound of the detector. Let us so analyse 3 different regimes
for the signal, that can be distinguished depending on the values of the duty cycle [22].
The first one is the shot noise regime (see first slice of Figure 1.2), characterized by
∆ < 1. In this case, in fact, the number of sources is so small that the time interval between
events, if compared to the duration of each event, is long. In this case the waveforms are
separated by long periods of silence and the closest sources could be resolved and detected
using data analysis techniques like match filtering [105]. The second regime is the popcorn
noise one, associated to a ∆ ∼ 1: the time interval between events and the duration of a
single event are of the same order. A characteristic of this regime is that the waveforms
could overlap but not following a Gaussian statistic; it results that the amplitude on a
detector at a given time is unpredictable. The last regime is the continuous regime and
differs from the previous ones since in this case the number of sources is large enough to
let the time interval between events to be smaller if compared to the duration of a single
event. In this case the overlap of the waves is such to create a continuous background that
follows a Gaussian statistic. In this case the background is completely determined by the
spectral properties defined before.
It is worth to mention that the AGWB comprises a continuous component and a pop-
corn noise component. The former can be originated by the inspiral phase of compact
binary systems, like WD, NS, BH binaries (continuous sources), while the latter includes
events generated by core-collapse SN, NS bar-mode instabilities and GW associated with
gamma-ray bursts (burst sources) [106]. As shown in Figure 1.3 in the case of NS-NS
mergers, events located beyond the redshift z = 0.23 produced a continuous background
(continuous grey line in Figure 1.3), while events in the redshift interval 0.027 < z < 0.23
produce a popcorn noise signal (continuous black line) and finally events that occur for
redshifts lower that 0.027 produce a discrete signal (shot noise, solid line). It is worth to
underline that the energy density parameter ΩGW, in the case of the continuous compo-
nent, shows a maximum value corresponding to a frequency of nearly 670 Hz and to a
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Figure 1.2: Time series corresponding to the regimes described in the main text: shot
noise, popcorn and Gaussian. Image Credit: [22].
Figure 1.3: Dimensionless gravitational wave density, ΩGW , plotted as a function of ob-
served frequency for potentially significant contributions from NS-NS mergers. Image
Credit: [106].
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maximum amplitude of 10−9 [106].
1.4.2 Statistical Properties
It is useful to have a simple overview on the statistical properties of the background. The
quantities that better specify such properties for a statistical background are the moments
of the metric perturbations, defined as [97]
〈hab(x, t)〉, 〈hab(x, t)hcd(x′, t′)〉, 〈hab(x, t)hcd(x′, t′)hef (x′′, t′′)〉 . (1.84)
so that, for a random variable X, completely determined by its probability distribution





One could write these expressions also in terms of the Fourier coefficients that are associated
to the various polarization modes, h(r), with (r) = +,×. A typical assumption is that the
background has 0 mean (we are talking of small perturbations) so it results
〈hab(x, t)〉 = 0 ⇔ 〈hab(k, t)〉 = 0 . (1.86)
It is so interesting to see some peculiarities related to the presence of a Gaussian distributed
random variable. In this case, in fact, one is able to relate the moments to the mean and
the variance of the distribution as
µ = 〈X〉, σ2 = 〈X2〉 − 〈X〉2 . (1.87)
Moreover, an interesting property of the Gaussian distribution is that all the high-order
moments can be expressed in terms of this first two moments. It is also possible to gen-
eralize the Gaussian to higher dimensions defining the multivariate normal distribution
(MVN). In this case the first two moments 〈Xi〉 and 〈XiXj〉 − 〈Xi〉〈Xj〉 are respectively
the mean values and the entries of the covariance matrix C.
In the case described above, with a Gaussian, stationary unpolarized and homogeneous
and isotropic background, the quadratic expectation values are expressed by the following
expression [97]
〈h(r)(f,n)h∗(r′)(f ′,n′)〉 = 1
16π
Sh(ν)δ(f − f ′)δrr
′
δ2(n̂, n̂′) . (1.88)
In this expression all the assumptions made for the background are contained. In particular
Sh is the spectral energy density, that represents the distribution of the energy of the
signal as function of frequency. Furthermore, the δ(f − f ′) is related to the assumption
of stationarity, δrr′ is related to the assumption of statistically independent polarization
modes and finally the factor δ2(n̂, n̂′) is related to the assumption of spatial homogeneity
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and isotropy. In the case of anisotropic, unpolarized, stationary and Gaussian backgrounds
the quadratic expectation value becomes [97]
〈h(r)(f,n)h∗(r′)(f ′,n′)〉 = 1
4
P(f, n̂)δ(f − f ′)δrr′δ2(n̂, n̂′) . (1.89)
Here P(f, n̂) indicates the spatial distribution of the GW power on the sky at frequency
f and it is linked to Sh by
Sh(f) =
∫
d2Ωn̂P(f, n̂) . (1.90)






















In the latter two equations α is a spectral index and fref a frequency of reference, typically
set to 1/yr (that is the same behaviour considered by NANOGrav in their last paper [45],
as it will be shown below) while β = 2α+ 2 [97]. In the case of an inflationary background
β = 0 and α = −1 while in the case of a background due to a binary coalescence, β = 2/3
and α = −2/3 [97, 107]. Typically this behaviour fits the signal produced by Super-Massive
Black-Hole binaries coalescences [44, 107]. Another convenient quantity to consider and




Some theoretical model of GW backgrounds predict characteristic strains that depend on







1.5 Sources of the Astrophysical Background
After the previous description about the properties of the astrophysical background, now
we analyse in the detail some predictions for the contributions to the background from
different sources. A common process that produces an AGW signal is the coalescence of
compact binaries. The dynamics of this process is characterized by three phases. The first
one is the inspiral, characterized by a loss of gravitational radiation by the system causing
the masses to get closer. At the end of this phase one has the merging of the two masses
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that liberates a massive amount of energy. The final phase, called ringdown, sees the final
BH that is reaching a stationary Kerr state after a phase of damped perturbations that
radiate away as sinusoids (quasi-normal modes). An important parameter used to analyse
such a process is the chirp mass Mc.
1.5.1 Black Hole-related processes
Coalescing BBHs It is well know that the evolution of a coalescing Binary Black Hole
(BBH) can be divided in three phases: the inspiral, the merger and the ringdown. Starting
from two template models from [108, 109], [104] was able to obtain an energy spectrum































for f2 ≤ f < f3 .
(1.96)










and m1 and m2 are the masses of the two components, with f1, f2, f3, σ are parameters
that can be determined knowing the total mass M = m1 + m2 and the symmetric mass
ratio η = m1m2
(m1+m2)2
.
An expected value of the SGWB from BBHs coalescences is expected to be ΩGW ∼ 10−9
at the frequency of almost 600 Hz 15 [104].
1.5.2 Neutron Star-related processes
Magnetars A source of GW could be the magnetars, i.e. neutron stars that are expected
to show very extreme magnetic fields (up to 1011T). In particular rotating neutron stars
with a tri-axial shape are supposed to present a quadrupole moment and they should emit
GWs with a frequency that is twice the rotational one. As reported in [89], in this case


















15In the cited paper they were considered different models but the behaviour of ΩGW for all of them is
similar.
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It must be specified that the frequency f in (1.98) has to vary form 0 to 2 times the inverse
of the initial16 rotational period of the NS, P0. Furthermore R is the radius of the star,
ε its ellipticity, Iij the principal moment of inertia, B the magnetic field and α the angle
between the rotation and dipole axis.
It is interesting to note that there could happen a scenario in which the magnetic fields
are so strong that the distortion due to the magnetic torque becomes important so to
overcome the deformation due to a fast rotation. One can show that this is the case in




∼ Kf3 . (1.100)
In order to find the contribution to ΩGW due to these sources it could be interesting to
evaluate the mass fraction of the progenitors. At the end one gets






(1 + z)2 . (1.101)
An expected behaviour is that ΩGW increases as f4 and reaches a maximum of almost
10−10 at the frequency of 1.1× 103 Hz [89].
It is worth mentioning that if the product between the magnetic field of the star and
the distortion parameter is high one obtains that the energy density increases as v2o to
reach a maximum amplitude at 1.6 kHz of 1.4× 10−8. In this case, in fact, it results [89]
dEGW
df
∼ π2If . (1.102)
Double neutron star coalescence Another interesting case reported in [89] is related
to the coalescence of two neutron stars. It is well know, in fact, that NS-NS, BH-BH


















In this case it is fundamental to underline that the merging occurs after a long time since
the formation of the system of massive stars. In this case, so, one has to consider the





R∗(tc(z)− td)P (td)dtd , (1.105)
16We refer to the period as initial since during its evolution the NS decelerates due to the emission of
Gravitational Waves but also through magnetic dipole torques.
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in which it has been indicted with zf the rate of coalescence of the progenitors and with
tc(z) the cosmic time at redshift z. At the end one can write










Here the density is expected to reach a maximum value at around 7 · 10−9 for and at a
frequency of 500 Hz for the continuous contribution, while a maximum value of 9 · 10−9
at about 550 Hz in the case of the popcorn background. An expectation for the total
contribution, instead, is that it should reach a maximum for ΩGW ∼ 1.2 · 10−9 at a
frequency of 600 Hz [89].
Dynamical bar modes Another interesting mechanism that could produce gravita-
tional waves is associated to neutron star formation and is the bar-mode dynamical insta-
bility [110]. This process is characterized by a deformation of a spheroidal body into an
elongated bar and when this instability is present for a compact astrophysical object, it
becomes a strong source of gravitational radiation. A system that is susceptible to this
instability is characterized by a particular parameter, the stability parameter β. In par-
ticular there are two different timescales and mechanisms for these kind of instabilities.
The first one is related to stars that are secularly unstable with β ≥ 0.14, characterized
by a growth time bigger that the dynamical time-scale of the system, the second one is
associated to dynamical unstable star, with β ≥ 0.27 and a growth time of the order of the
rotation of the system [111]. These instabilities are an important source of gravitational
radiation, such that one could say that these types of instabilities could dominate the total
GW emission associated with NS birth [111]. As seen by [112] that simulated the energy
spectra data, the density parameters is expected to show a maximum of 4 · 10−10 around
a frequency of 600 Hz.
R-mode instability R-mode oscillations appear only in rotating stars and are caused
by the Coriolis force on the surface [113]. In particular this modes are related to the
Chandrasekhar-Friedman-Schutz (CGW) instability and are related to the creation of hy-
drodynamical waves in the NS’s fluid components (the r-modes) that propagate in the
opposite direction with respect to the stars’s rotation, resulting in the production of GW
[111]. It is believed that the r-modes are unstable also as a result of the emission of grav-
itational radiation [114]. This instability is important since it presents some interesting
astrophysical implications, since it determines a spin-down of newborn NS causing the
emission of gravitational waves for an energy of about 1 per cent of a solar mass. In this
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where the frequency ranges from 0 to fsup. In particular Eo is the rotational energy lost in
the instability window and fsup is 4/3 of the initial rotational frequency. If one considers
the case of NSs with a radius of 10 km and a typical mass of 1.4M the spectrum is
expected to go like ΩGW ∼ 10−12ξf3 with ξ a parameter associated to the instability [17].
Collapse to Quark Matter Another interesting process associated to the emission of
GW by NS involves their collapse after a phase transition to quark matter. This process
is supposed to produce a very large amount of GWs. The energy radiated in GWs per







where h̃ is the Fourier transform of the dimensionless strain amplitude. With the assump-
tion that at least 1 per cent of the NS are born so fast to allow a phase transition, the
energy density parameter may reach a maximum of 10−10 at kHz frequencies.
1.5.3 Supernovae-related processes
Also the collapse of SN could produce gravitational radiation and it belongs to the category
of the burst sources. It is important to distinguish the collapse to a Neutron Star and the
one to a Black Hole since, for example, the resulting final amplitude differs by several orders
of magnitude. The processes here considered are related to core-collapse Supernovae. This
process involves massive stars that have finished their nuclear fuel. These stars explode
causing the ejection of their envelope and the collapse of the core that, depending on the
initial mass of the progenitor, could form a NS or a BH. In order to be more specific, if the
mass of the progenitor is less than 20− 25M the explosion leaves a NS, while if the mass
excedes such limit a BH will be formed. Typically SNe are split in Type I and Type II,
different by the lack of hydrogen in the spectrum of the former. In particular only Type
Ib/c and Type II are core-collapse SN, Type Ia result, in fact, from the thermonuclear
explosion of accreting white dwarf stars. However, the gravitational radiation emitted is
due to the change in the quadrupole moment that is produced in the explosion [111].
Core Collapse SN to NS In the case of Core Collapse SN to NS, [20] considered three
different types of waveforms (I,II,III) representative of different catalogs. Type I waveforms
are characterized by a spike, related to the core bounce, followed by a damped oscillation
(ring down). Type II ones are characterized by several spikes associated a multiple core
bounces. In the case of type III one has a rapid core collapse that results in the absence
of a spike in the waveform but only a maximum amplitude corresponding to the first peak
followed by smaller positive and negative amplitude pre- and post- bounce. In this case
one expects to detect a maximum density of ΩGW ∼ 3 · 10−12 for a frequency of about 700
Hz for Type I and a maximum density of ∼ 10−13 for Types II and III respectively at 100
and 800 Hz [20].
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= εαmc2δ(f − f∗(M)) . (1.109)
Here ε is an efficiency coefficient, M is the mass of the black hole that is assumed to be a
fraction α of the massM of the progenitor and f∗ is the vibration frequency of the dominant
quasi normal mode17 [18]. In this case one could observe a maximum energy density of
4− 7 · 10−10 around 500 Hz for progenitor of initial mass in the interval 20− 100M. For
masses in the range 8−20M the energy density could show a maximum of 10−9 at about
a frequency of 103 Hz [116].
1.6 Cosmological Gravitational Wave Background
An important prediction of cosmological Inflation is the presence of a stochastic background
of primordial GW, that if detected would be of extreme importance for Cosmology. Non-
inflationary Early-Universe models, in fact, do not predict the presence of primordial GWs
that so can be considered a smoking-gun of Inflation. However we specify that in the
early-stages of the Universe also other processes can produce GWs, like the electroweak
phase transition [117], the first order phase transitions [38, 118] and the topological defects
[119, 120]. In the context of gravitational waves the quantity that describes the amplitude





where Ah is the amplitude of the tensor power spectrum while Aζ the amplitude of the
scalar one. This quantity, so, measures the level of GW that inflation can produce, with
respect to the amplitude of primordial perturbations. The point is that in the single-
field inflation different values of this ratio are predicted by different inflationary scenarios.
Hence GW would be not only a probe of the inflation but also a way to discriminate
the various models [14]. Another peculiar aspect of the Cosmological Gravitational Wave
Background (CGWB) is that we expect it to be generated at energy scales so high that are
not achievable by today particle accelerators. A detection of r would so provide not only
evidence of physics beyond the Standard Model of Particle Physics but also an indication
of the energy scale of this new physics18.
In the following part we analyse a fundamental aspect of GWs. It is related to the
decoupling of gravitons from matter and radiation components that happened early in the
history of the Universe and that is related to the fact that gravity is a very weak interaction.
It can be seen very easily in a simple quantitative way [15]. It is enough to compare the
17Quasinormal modes (QNM) are the modes that describe perturbations of a field that decays in time
(so are associated to energy dissipation). In the case of Black holes these modes (ringing modes) describe
the exponential decrease of asymmetry in time of the compact object as it evolves towards the perfect
spherical shape.
18In particular this last statement is related to the dependence of r on the energy scale of Inflation [14].
1.6. COSMOLOGICAL GRAVITATIONAL WAVE BACKGROUND 33
Hubble rate with the interaction rate of GWs; in fact the condition for thermal equilibrium
is that the rate of the processes to maintain equilibrium has to be larger that the rate of
expansion of the Universe [91]. As well known the latter is given by the Hubble parameter,






For gravitons the rate of interaction is given by
Γ = nσ|v| , (1.112)
where n is the number density of the considered particle specie and for massless or light
particles (radiation) it goes like n ∼ T 3 and in natural units |v| ∼ 1 and σ is the typical
cross-section of the process that for gravitons goes like σ ∼ T 2/M4Pl [91]. Finally gravitons






















From the latter equation it is easy to see that gravitons decoupled below the Planck scale
and so relic gravitational waves still have memory of the conditions in which they have
been produced. In other words, they propagate freely in the early Universe, practically
just after their production [15].
1.6.1 Production mechanisms of the Cosmological Background
Several mechanisms have been highly studied in the years in order to better understand the
early-Universe cosmology and to explore the Universe in its early stages. In the following
we provide some of the most important GW-production mechanisms in the early-Universe.
1.6.2 Irreducible GW background from inflation
Inflation is a hypothetical period occurred at the early times of the Universe in which it
is expected a period of accelerated expansion, introduced to solve the two main problems
of the hot Big Bang model: the horizon and the flatness problems [121]. The presence
of this background is strictly related to the quantum fluctuations of light fields during
inflation. The formalism at the base of the explanation of this background has been
provided previously in subsection 1.2.1. When the wavelength k of a GW is smaller than
the Hubble radius (during inflation, in this case), i.e. k > aH, with a the scale factor andH
the Hubble parameter, are damped due to the presence of a 1/a dependence (see (1.70)).
When the wavelength crosses the Hubble horizon, as shown in (1.70), the wavelength
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remains practically constant and due to the accelerated expansion of the Universe, it results
amplified and stretched. The wavelength then re-enter the horizon during the radiation-
dominated or the matter-dominated eras; the tensor modes start oscillating and decay
like 1a , turning into a background of GWs. This constitutes the irreducible emission of
GW’s expected from inflation [15]. In conclusion we show the expectation of ΩGW for this
background. In the case of an inflationary model with energy scale of the order of 9 · 1013
GeV, the contribution for modes that enter during the period of radiation domination is
of the order of 10−16 at frequencies of ∼ 10−3 Hz and so is way below the sensitivity of
present and future GW observatories [15].
1.6.3 Phase Transitions
Since its early phases, the Universe is expected to have undergone several phase transitions
in which the symmetries of fundamental particle physics were spontaneously broken (e.g.,
QCD scale or EW scale) [91]. The transition from a phase of false vacuum to a phase of
true vacuum is expected to produce GWs when, as it was mentioned before, bubbles are











at a maximum frequency of










Here T∗ is the temperature in GeV of the phase transition, H∗ the Hubble parameter and
N∗ the number of relativistic degrees of freedom. At the EW scale a phase transition is
expected to produce a detectable signal of ΩGW ∼ 10−9 at a frequency of 10−3 Hz [91].
1.6.4 Second order GWs
The generation of these kind of GWs is related to the fact that while at the first order in
perturbation theory scalar, vector and tensor modes are independent, at higher perturba-
tive orders it does not hold. Already at second order it is possible to obtain second order
vector or tensor perturbation with suitable combinations of tensor modes [123]. Of course
this is valid also at higher orders. This implies that at second order a source term in the
wave equation appears, indicating that combinations of first-order scalars or vector pertur-
bation can be a possible source of GWs [37]. In standard inflationary scenarios the extra
amount of GW produced in this way is negligible with respect to the first-order production
and to the planned experimental capabilities [14].
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1.7 Search of the background with actual and planned detec-
tors
GWs have been very recently detected: in 2015 the first signal coming from the collision of
two Black Holes has been measured [1]. Then in 2017 the first coalescence of two Neutron
Stars has been detected [124]. This event has been revolutionary since the GW signal was
observed together with an EM signal and this gave rise to multi-messenger astronomy.
Lots of GWs have been detected in the meanwhile and the last result, announced in 2021,
concerned the merging of a BH with a NS, the missing piece [125].
The next step will be the detection the SGWB and is of fundamental importance.
The Cosmological one would provide a snapshot of the first stages of the Universe and the
Astrophysical one would provide information on the physical properties of compact objects
[6, 7]. Their detection would be a great achievement for GW interferometry and the fact
that these signals are expected to be detected in the next few years leaves astonished.
Isotropic SGWB with aLIGO Advanced LIGO [24] is a GW detector who could
potentially measure at least the isotropic component of the SGWB in the range 10−103 Hz
whose most promising source are the compact binary coalescences. In 2019, the authors od
[126] combined data from Advanced LIGO’s second observing run (O2). In particular they
analysed data from Advanced LIGO’s second run cross-correlating the strain data measured
by the two LIGO detectors located in Livingston and Hanford. They did not find evidence
for a SGWB background but were able to put upper limits on the normalized GW energy
density. They combined the results from the first observing run (O1) with those obtained
in the O2. They considered the power-law behaviour for a stochastic background (the
same shown in the NANOGrav paragraph) and were able to find that in the case of a flat
background (frequency independent, α = 0) ΩGW < 6.0× 10−8, while ΩGW < 4.8× 10−8
at the frequency of 25 Hz in the case of a background of compact binaries (α = 2/3).
More recently they have been published new results in the search of the AGWB with
these detector [29]. In this analysis they also included data from the Advanced Virgo [25]
interferometer. They used data from the third observing run of both Advanced LIGO and
Advanced Virgo, but neither in this case they were able to detect the background, but
they were able to improve the upper limits to ΩGW ≤ 5.8 × 10−9 for a flat (frequency-
independent) GWB and ΩGW ≤ 3.4×10−9 at 25 Hz for a power-law GWB with a spectral
index of 2/3 (consistent with expectations for compact binary coalescences) [29].
Prospects for detection with Einstein Telescope The ET is a proposed under-
ground infrastructure to host a third-generation, GW observatory. The idea behind the
ET project is to build an observatory that overcomes the limitations of current detector
sites by hosting more than one GW detector. It will consist of three nested detectors
forming an equilateral triangle, each composed of two interferometers with arms 10 kilo-
metres long. One interferometer will detect low-frequency gravitational wave signals (2 to
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40 Hz), while the other will detect the high-frequency components19 and is expected to
detect a large number of sources (up to 104 − 105 compact binary coalescence per year
[127]). This configuration is particularly indicated for a detection of a SGWB since with
a single observatory will allow to perform cross-correlations among the outputs of pairs of
detectors20. Moreover, ET would allow to reach sensitivities for the strain of ∼ 10−24Hz−1
in the High-frequency band [128, 129]. One of the targets of ET is in fact the detection
and characterization both of the AGWB and of the CGWB. Being a network of third
generation detectors, ET will allow us to reach a high resolution in order to detect angular
anisotropies in the GW energy density. Moreover if a SGWB would be detected it would
provide a new way to test GR: if beyond-GR features will be found (e.g., extra independent
GWs polarizations), this would allow to discriminate theoretical models [12]. Furthermore
since the AGWB anisotropies are due to the GW distortions by the intervening LSS dis-
tribution (Kaiser, Doppler and gravitational potential effects), if spotted would allow to
study of the LSS and to make precision cosmology, e.g., [43, 48, 49].
Prospects for detection with LISA The Laser Interferometer Space Antenna (LISA)
is a proposed space-based detector to measure GWs. LISA will be constituted by a con-
stellation of three spacecraft arranged in an equilateral triangle with sides 2.5 million kilo-
metres long and will fly along an Earth-like heliocentric orbit. The distance between the
satellites is precisely monitored to detect a passing gravitational wave. LISA is expected
to find signals in the millihertz regime and as explained by [92], the guaranteed astro-
physical background components that could be detected in this band are the one sourced
by Galaxy binaries, e.g., [130], that could overcome the instrumental noise at frequencies
2×10−4−2×10−3 Hz and the component due to compact objects mergers [126], expected
to be relevant in the frequency range 2 × 10−3 − 2 × 10−2 Hz. Moreover LISA could also
be sensitive to a background generated by processes in the early universe, e.g., topological
defects[131], first order phase transitions [132] and inflationary models [13].
The LISA collaboration has presented a new technique for a systematic reconstruction
of a SGWB signal without assuming a power-law spectrum, as done for the astrophysical
GWB (see NANOGrav paragraph). The idea is to first separate the entire LISA band into
smaller frequency bins, and then to reconstruct a given arbitrary signal within each bin,
where it can be well-approximated in terms of a power-law [131].
NANOGrav latest results It is worth to mention the results obtained by the NANOGrav
collaboration published in 2021, [44] and [45]. They searched for an isotropic SGWB
analysing the 12.5-year pulsar-timing data set they collected. Pulsar-timing arrays (PTA),
as it was specified before, will allow a detection of GWs at very low frequencies (∼ 10−9
Hz). The sources that are expected to be dominant in this range are supermassive black
hole binaries (SMBHB). Another contributions could come from cosmic strings, phase
transitions or quantum fluctuations during inflation. The authors of [44] found, in fact,
19More information can be found at http://www.et-gw.eu/index.php.
20The needing of cross-correlations to detect a stochastic background will be explained in Chapter 5.
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that the timing behaviours of all the pulsars in the data set were all suggesting the pres-
ence of a stochastic common-spectrum. Since the stochastic background acts like a noise,
they proper modelled it distinguishing the effects of the white noise and of the red one.
In particular the SGWB appears as a red noise and contrary to all the other red-noise
contributions like pulse profile changes, clock errors etc that are unique to each pulsar, it
appears to be correlated between different pulsars. They modeled the fiducial power-law







with α = −2/3 for inspiralling SMBHB in circular orbits that emit GWs during their
evolution. They did not found any monopolar or dipolar correlations but also lacked of
definitive evidence of quadrupolar spatial correlations, so to claim a detection. It is possible
that a larger data set could finally reveal the signal. If it will be found that the process
that originates this common-spectrum is due to SMBHBs it would be a proof that this
kind of binaries are able to form and then merge, generating GWs. The authors of [45]
also tried to interpret that process as due to a GWB generated by phase transitions. They
characterized these latter in terms of different parameters: the temperature of the Universe
at the time of the transition T∗, the strength if the transition α∗, the bubble nucleation
rate in units of the Hubble rate at the time of the phase transition β/H∗ and the friction
coefficient η that parametrizes the strength of the interactions between the bubble walls
and the plasma. They modeled the GW spectrum today for different contributions to








S(f/f0∗ ) , (1.118)
where S parametrizes the spectral shape, f0∗ is the peak frequency today and κ is the
efficiency factor. Neither in this case nor in the previous one they found strong preference
of the signal towards one of the models but they expect to improve the signal to noise ratio
with future datasets. In any case, as the authors claim, "our vista on the unseen Universe
continues to get brighter".
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Chapter 2
Galaxy Bias Insights
The topic that will be analysed in this chapter is the galaxy bias. The study on the bias is
very huge and it has been studied in a very detailed way by [133, 134]; for the purposes of
this thesis, so, the most important results will be reported, providing just some interesting
insights on this theme. The bias, as explained in the following, is of absolute importance
for the understanding of the distribution of matter in our Universe and that is the reason
for which why many efforts to study and constrain it have been made.
As discussed in [135–138], the formation of Large-Scale Structures (LSS) is related to
the presence of gravitational instability in the perturbations generated in the early-Universe
that grow in time, e.g. [139]. The basic idea beyond the bias is that the distribution of
galaxies in the cosmos is linked to the underlying distribution of matter (principally dark
matter) in the Universe. In particular, the link between the clustering of ordinary matter
and dark matter is called halo bias and it could provide more information on how matter
clusters. For this reason it is dutiful to consider some insights on the galaxy bias and, so,
on LSS and how the former changes if one considers the presence of non-Gaussianity (NG).
As pointed out in [133], the connection between the clustering of galaxies on large scales
and the statistics of the initial conditions has been studied since 1980 [64, 140–142]. Later
on, in the 2000s, it was noticed that NG in the initial conditions is likely to be only a small
correction to the NG induced by nonlinear gravitational evolution [142] and so techniques
to disentangle primordial and late-time NG in the bispectrum of the large-scale structure
were developed [61, 62]. After that it was discovered that Primordial Non-Gaussianity
(PNG) of the local type (local PNG) has strong effects on the clustering of galaxies on
large scales [65].
It is well known that galaxy clustering [59, 61, 62] can provide independent constraints
on the magnitude of local PNG that are competitive with those from the CMB [59, 60].
Given the possibility of a scale dependence in the PNG, as predicted from several models
of the early Universe, the two should therefore be seen as complementary probes of PNG
[133]. Furthermore the study of this effect is of great importance since, if one is able to
constrain it, it would be possible to constrain inflationary models: while in fact single-field
models of inflation predict only a small level of NG [55, 56], other scenarios, for example
involving multiple fields allow a larger one (e.g. [58] and references therein). So it is easy
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to see that constraining NG one could throw away some models and validate others. In the
case of the bias the effect of NG, as it will be shown later, is to add a scale dependent piece
to the bias proportional to a parameter fNL that, in some sense, quantifies the amount of
NG. This type of NG, i.e. the local NG, will be analysed in the following.
Hence, the understanding of the bias is necessary on the one hand to measure the
cosmological parameters from galaxy surveys and on the other to track the formation of
galaxies within the evolution of the LSS. Firstly the formation and the characteristics of
LSS will be briefly analyzed, then the bias will be defined. At the end of this Chapter
finally NG and its effects will be introduced. They are fundamental for the purposes of
this thesis since their presence could lead to strong modifications of the cross-correlation
spectrum between the CMB and the ASGWB.
2.1 Large Scale Structure
Since the first redshift survey it has been found that the distribution of galaxies in space is
not random but shows a variety of structures [143]. The majority of galaxies are distributed
in low-density filamentary or sheet-like structures that surround large voids. These voids
are regions that can show a diameter of about 100 Mpc and are characterized by the
presence of few or no galaxies. One of the challenges of studying the spatial distribution of
galaxies is to quantify this web of filaments, sheets and voids. Our present understanding
is that the LSS formed via gravitational instability of primordial fluctuations in the early
Universe: gravity pulls together neighboring dark-matter particles and initially underdense
regions get emptier at the expense of overdense areas. This is the process slowly that forms
the large-scale structure of the Universe [134]. As it will be shown later, the solution of the
differential equations that regulate gravitational instability can be done perturbatively,
since such equations can be linearized and then solved, but only in the case of small
fluctuations δ  1. Although this way is a good start for the study of gravitational
instability, at a certain point the fluctuations become so high that the non-linear effect
cannot be neglected. The simplest model that so has been introduced to describe the
collapse in such conditions is the spherical top-hat model [144].
Galaxies are believed to form and reside in extended Dark Matter halos [143]. This
idea of galaxies that are embedded into much larger structures of dark matter has been
confirmed since the first decades of the 20th century, after the study of the dynamics of
stars and gas within galaxies and galaxies in clusters [145]. Furthermore the latest Planck
results [146] have confirmed that the baryonic matter constitutes only about the 15− 20%
of all the matter in the Universe and so the major part of matter in the Universe (i.e., the
Dark Matter) has to be in a non-baryonic form. As it will briefly analysed in the following,
the Dark Matter halos form through gravitational instability: density perturbations grow
linearly until they reach a critical density and then collapse forming virialized dark matter
halos. It is clear that since these dark matter halos host galaxies their properties have to
be linked with the ones of galaxies [143]. Despite all galaxies are hosted by a dark matter
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halo, the viceversa does not necessarily hold, since there are some low-mass halos in which
no-galaxy is expected to form [147]. The idea is that above a certain "threshold mass" the
great part of dark matter halos has to host at least one galaxy and so knowing how galaxies
are distributed in halos as function of the halo mass implies a knowledge of the abundance
and clustering of galaxies based only on gravitational effects. Moreover, assuming that all
matter is enclosed in halos of some mass, it is possible to build the entire matter density
field out of the halo one along with a model for their inner structure (halo model) [143].
Gravitational Instability The idea that the formation of structures is due to grav-
itational instability originates from [148], in which it was shown that the stability of a
perturbation depends on the competition between gravity and pressure. As Jeans ex-
plained, density perturbations grow only if they are larger than a characteristic length
scale, i.e. the Jeans’ length. He showed that density fluctuations can grow in time if the
effect of pressure is much smaller than the tendency of self-gravity to let collapse. That is
not surprising since gravity is an attractive force and, without pressure forces, an overdense
region should keep accreting material from its surroundings, becoming even more dense.
This results in an instability that causes the collapse of a fluctuation into a gravitationally
bound object [149].
Let us analyse gravitational instability more quantitatively, starting from the cosmo-
logical fluid equations. A fluid is a dense set of particle that is treated as a continuum.
Moreover when the collisions between particles are rapid enough to allow a local thermal
equilibrium, the fluid is an ideal collisional gas, while when collisions do not occur (e.g., in
the case of a gas of dark matter particles) the gas is referred as collisionless [150]. In the
case of a non-relativistic collisional gas (ignoring bulk electric and magnetic forces, since
they are not essentials for the physics of a cosmological fluid) the fluid equations consist in
the mass and momentum conservation laws and an equation of state. Mass conservation







· (ρv) = 0 , (2.1)









We can also write the density factoring out the mean behavior, ρ̄, as ρ = ρ̄(1 + δ) and
rewrite the velocity v (it is necessary to use the definition of x) obtaining
dr
dt
= Ht + v , (2.3)
where now v is the peculiar velocity. Starting now from (2.1) straightforwardly one obtains
∂δ
∂η
+∇[(1 + δ)v] = 0 . (2.4)
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The second equation, the momentum conservation, is represented by the Euler equation






v = −∇φ− 1
ρ
∇p , (2.5)
where φ is the gravitational potential, p the pressure and the dot represents a partial
derivative with respect to the conformal time. Finally, for a collisional gas, one should
provide an equation of state p = p(ρ, S) (from thermodynamics) where S is the specific
entropy.
Let us now apply these equations to the case of gravitational instability in the Universe.
We discuss the case of isentropic fluctuations, where (∇S = 0)1. In this case one can write
the linearised fluid and gravitational field equations as [150]




v = −∇φ− c2s∇δ , (2.7)
∇2φ = 4πGρ̄ . (2.8)
Combining now these equation finally one is able to obtain an equation for damped (due




δ̇ = 4πGρ̄a2δ + c2s∇2δ . (2.9)
In order to simplify the equation it is necessary to “eliminate” the Laplacian. This can be




δ̇ = (4πGρ̄a2 − k2c2s)δ ≡ (k2J − k2)c2sδ , (2.10)








For a static background (a = 1) the solution goes like [150]
δ ∝ exp(−iωη) , (2.12)
where ω2 = −ω2J + k2c2s . In particular ωJ is the Jeans frequency defined as ωJ = kJcs =
(4πGρ̄)1/2. When k < kJ gravitational modes are unstable. Physically, this implies that
pressure forces are not able to prevent gravitational collapse when the sound crossing time
λ/cs is longer than the gravitational dynamical time (Gρ)−1/2, for a perturbation of proper
wavelength λ = 2πa/k.
1This is justified by the fact that rapid particle interactions in thermal equilibrium eliminate entropy
gradients [150].
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The application of Jeans’ criterion to an expanding background was worked out, among
others, by [151, 152]. In this case, the growth of the fluctuations is expected to be slower
than in the static case since now the fluctuation has to attract material from the surround-
ing that is now moving away (due to the expansion) [121]. In this case the solutions are
a growing mode (+) and a decaying one (−) that evolve as a power-law, rather than an
exponential, for k  kJ. Solving the wave equations one obtains δ+ ∝ η2 and δ− ∝ η−3
while for k  kJ one gets acoustic oscillations.
We conclude stating that some of the most important effects of gas pressure can be
gleaned from linear perturbation theory, in which the fluid equations are linearized about
the uniform solution for an unperturbed Robertson-Walker spacetime. This technique is
useful for checking for gravitational and other linear instabilities [150]. One the other
hand linearized fluid equations are able to provide a reasonable description of large-scale,
small-amplitude fluctuations in the matter (both dark and luminous), even if structure is
nonlinear on small scales [150].
Jeans Instability in Collisionless Fluids Let us now briefly consider the Jeans in-
stability for collisionless fluids. Applying the reasoning of the Jeans Instability to the case
of a non-relativistic gas of collisionless particle may seem unusual, since the absence of
collisions implies the absence of pressure, i.e. a collisionless gas cannot support sound
waves.
Now, since the particles are collisionless, they are not created and they are not de-
stroyed; furthermore the flow in space must conserve mass and this is expressed by the
















= 0 , (2.13)
where f(x,p, t) is the distribution function of the system, x the comoving spatial coordi-











= 0 . (2.14)





f(x,p, t)d3p , (2.15)
with m the particle mass. Furthermore one can relate the gravitational potential to the
mass density through the Poisson equation. Moreover one should consider not only the
perturbations for the density and the gravitational potential, but also the perturbation of
the distribution function δf [143]. After some lengthy calculation at the end one finds
that gravitational instability is possible also for collisionless fluids (see [143, 150] for more
details on the calculation).
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Spherical Collapse Objects in the Universe like galaxies, clusters of galaxies are char-
acterized by densities that are orders of magnitude higher than the average density of the
Universe (δ  1) [121]. So the mechanism just described cannot be used to describe the
evolution of the structures in this strongly non-linear regime. A very simple approach to
deal with the non-linear evolution is the Spherical top-hat Collapse, e.g., [144]. This is the
simplest dynamical model that approximately describes the formation of self-gravitating
structures via gravitational instability. The general idea is the following: initially, each
shell of matter recedes from the center of symmetry due to the Hubble expansion. This
motion is decelerated by gravity and if the initial perturbation is dense enough, the shells
reach a maximum size (turnaround radius) and then collapse afterwards, leading to a viri-
alized object in equilibrium. Let us consider a spherical perturbation with constant density
inside that, at an initial time ti ' trec has an amplitude δi > 0 and |δi|  1. This sphere is
taken as expanding with the background Universe so that its peculiar velocity at the edges
is 0. The perturbation can be treated as a separate Universe [121] and, just for the sake of
simplicity, the background Universe can be described by an Einstein-de Sitter model [153]













where the values of δ+(ti) and δ−(ti) are chosen so to satisfy the correct boundary condition
on the velocity. Assuming negligible pressure gradients the evolution of the sphere can
be described by a Friedmann model with an initial density parameter given by (in the





where ρc is the critical density and Ω(ti) refers to the unperturbed Universe. In order
to let the structure formation, it is required that at a certain time tm the region stops
its expansion and starts to collapse (this happens to any perturbation with Ωp > 1). As
well explained by [121, 154] this is always verified for a background Universe with Ω ≥ 1,
while in the case Ω < 1 the perturbation has to be over a critical value to occurr. The
evolution of a closed Universe reaches a maximum expansion radius rm at the time tm and
then starts to collapse. The collapse happens at tc = 2tm and one would expect an infinity
density at the centre. In reality as pointed out in [143], damped oscillations occurs and at
the end a quasi-static structure, called virialized halo, forms.
It is now worth to relate the quantities at tm to the ones at the virialization. It is
usually assumed that tvir = 2tm. In the case of Λ = 0 Universe, at tm the kinetic energy
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where rm is the radius of the outermost mass shell at the maximum expansion. A collision-
less system cannot dissipate its energy, so during the collapse the gravitational potential
energy is converted into kinetic energy of the particles involved in the collapse and this al-
lows the structure to relax to a quasi-static structure supported by random motions [143].
For a uniform final object the potential energy can be written as W ∼ −3GM2/5rvir.
Moreover, recovering the virial theorem, that states that for a static system one can write






and equating the two expressions for the total energy one obtains rm = 2rvir. Hence the














Furthermore one can show that [143] ρ(tm)/ρ̄(tm) = 9π2/16 and ρ̄(tm)/ρ̄(2tm) = 4, ob-
taining at the end that ∆vir = 18π2 ' 178. The value of the overdensity at the collapse








' 1.686 . (2.21)
We conclude mentioning that although ∆vir is obtained basing on several oversimplified
assumptions, it is widely used to define the extend of a virialized halo [143].
2.1.1 Press-Schechter model
It is necessary to mention the Press-Schechter model, that allows to obtain an analytic esti-
mate of the mass function of the cosmic structures. The model was presented by [155] as a
way to estimate analitically the number density of self-gravitating objects formed by gravi-
tational instability in hierarchical scenarios of structure formation. The key assumption of
the model is that all density fluctuation with a density contrast above the critical threshold
δc experience gravitational collapse and the outcome of the Press-Schechter model is the
halo mass function n, that quantifies the amount of DM clumps per unit comoving volume





2As well explained in [143], the dependence of the critical density on Ω is very weak: in a Λ = 0
Universe it results δc(tvir) ' 1.686[Ω(tvir)]0.0185 while in a flat Universe with Λ > 0 it results δc(tvir) '
1.686[Ωm(tvir)]
0.0055 and so the approximation reported is valid for all realistic cosmologies.
3Remind that the factor 2 what initially justified by the authors as due to the secondary infall of the
matter that surrounds the collapsed object. In reality that factor should be included accounting the so
called “cloud-in-cloud"” problem, so the fact that in the original theory of Press and Schechter the fact
that the collapsed object could be part of a more massive object was not taken into account.
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Figure 2.1: Simulation of the LSS in the Universe; dark matter is indicated in blue. Image
Credit: ESO, https://www.eso.org/public/italy/images/eso1438b/?lang.
In the last expression P>δc is the cumulative probability, that expresses the probability
that in a point the fluctuation overcomes the threshold δc so to collapse (the probability
density function here is assumed to be Gaussian) and σ2 is the variance of the mass density
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The value of the threshold suitable to describe virialized clumps in an EdS Universe is of








with PL(k) power spectrum of linear density perturbations and W 2(kR) the Fourier trans-
form of a coarse-graining filter.
2.2 The bias
The observed distribution of galaxies, quasars, and clusters of galaxies, the large-scale
structure of the Universe, is at the base of our knowledge about the history of the Universe.
These tracers can be observed out to cosmological distances and can thus be used to
survey significant fractions of the observable Universe. The understanding of the way
these tracers distribute is linked to the underlying distribution of matter would allow the
access information on our Universe, like the properties of DM, DE, gravity and the nature
of the processes in the early Universe that seed the structures we now observe. The quantity
that links the tracers we observe and matter is called bias and it is fundamental ingredient
for the understanding of the LSS [133].
After the first larger galaxy surveys [156, 157] it was possible to make the first cosmo-
logical inferences from the galaxy clustering [158, 159] for which, as explained before, the
bias is fundamental. The statistical tool developer to compress the information contained
in galaxy catalogs is the two point correlation function ξ(r), that measures the excess prob-
ability above a random distribution to find two objects at spatial separation r. Peebles
was the first trying to estimate these functions from the datasets, (see [138] and references







in the range 0.1h−1Mpc ≤ r ≤ 10h−1Mpc, with a correlation length r0 ' 5h−1Mpc
and γ ' −1.8. In the case of rich clusters of galaxies, on the other hand, it was found
that the two point correlation function ξc(r) could be expressed again by (2.26) in the
range 5h−1Mpc ≤ r ≤ 75h−1Mpc, with γ ' −1.8, but with a correlation length r0 '
12−25h−1Mpc. As it can be easily seen, the clusters of galaxies present a correlation length
up to 5 times larger the one of simple galaxies. A convincing explanation was provided
by [162]. Kaiser supposed that galaxy and cluster formation proceeded in a hierarchical
way from Gaussian initial conditions; according to this hierarchical process the growth of a
dark matter halos is the results of a series of mergers of individual halos [163]. This implies
that cluster must have formed recently and so rich clusters are very rare objects that can
be interpreted as high peaks of a density field that basically is still evolving linearly. The
collapse of these regions so does not affect significantly the properties of the "average"
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density regions [121]. As explained previously in the discussion of the spherical collapse,
the collapse to a bound structure happens when the density perturbation overcomes the
threshold value δc and so it is reasonable to interpret clusters as the regions in which such
threshold is overcome. It is possible so to relate the correlation function of the clusters to
the one of the galaxies by choosing appropriately the bias b as follows [121]
ξc(r) ' b2 ξg(r) , (2.27)
where b = ν/σ and ν is a dimensionless threshold. Applying this reasoning to the formation
of the structures is now easy. Following the same reasoning one can link the two point
correlation function of regions where the threshold is overcome, ξ>ν(r) to the one of the
underlying matter, ξ(r) as follows 4 [134]
ξ>ν(r) ' b2 ξ(r) . (2.28)
The Press-Schechter formalism provides a useful way to understand how a nonlinear struc-
ture develops in a hierarchical model. Equation (2.24) shows, in fact, a significant number
of halos of mass M can form when ΣM ≥ δc. One can so define a characteristic mass
M∗ such that σ(M∗) = δc. It is straightforward to understand that the number den-
sity of objects with mass M  M∗ is exponentially suppressed, while the mass function
approximately behaves as a power-law for M M∗.
2.2.1 Linear Bias Description
As pointed out by [134], a first simple mathematical description of galaxy biasing can be





− 1 = δng
n̄g







where bg is the bias, n̄g is the mean comoving number density of galaxies and ρ̄m is the
comoving background matter density. Such relation explicitly expresses the non linear
proportionality between the number density of galaxies and ρm, in the case of bg 6= 1: the
fractional perturbation of the two quantities in this way is not equal [133]. One so can
compute the galaxy 2-point correlation as
ξg(r) = 〈δg(x)δg(x + r)〉 ' b2gξ(r) , (2.30)
where ξ is the matter auto-correlation function. The two-point function of galaxies (or
clusters of galaxies) results enhanced by a factor of b2g over the matter two-point function.
So in the case in which one lets clusters to have a larger bias parameter than galaxies, their
different observed correlation functions can be explained.
4A more analytical description to obtain the following equation is provided in the following.
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2.2.2 Threshold bias
In the previous section it has been shown that it is possible to link the two-point correlation
function of the peaks to the one of the underlying matter density by means of the bias,
following the reasoning that allows to link the two point correlation function of clusters to
the one of galaxies. In this section equation (2.28) will be obtained again but in a more
formal way. As stated by [133], one could assume that DM halos in which galaxies reside
correspond to overdense regions in Lagrangian space (space of the initial conditions). As
firstly [162] did, one could consider a zero-mean, stationary, Gaussian random field δ(x)
with a coherence length lc. Indicated with ξ the correlation function the goal is to evaluate
it for those maxima that lie above a certain threshold, νσ, with σ2 = limr→0 ξ(r). As a first
step let us calculate the correlation function of the regions that lie above the threshold,
ξ>ν(r); it is defined as the fractional excess probability that the fluctuation evaluated in a
point x2, δ2 ≡ δ(x2) > νσ, given that δ1 ≡ δ(x1) > νσ. In particular |x1 − x2| = r. The
first step consist in evaluating the probability that both δ1 and δ2 should reside above the






P (y1, y2)dy1dy2 , (2.31)
with














































































































































































































The previous probabilities P1 and P2 have been evaluated since their ratio is related to
ξ>ν : one can write [65]






























It is possible to simplify the expression expanding now up to the first order in ξ(r) (as

















































































































2 ν2 . (2.36)
Substituting now in (2.35) one gets











































































And this results can solve the problem: as shown by [162] if one fixes the statistical
properties of δ to reproduce the galaxy autocorrelation function (with R ∼ 10−15 Mpc to
satisfy the predictions of the spherical collapse model and ν ∼ 2−3 to match the observed
cluster number density) at the end it results that the cluster two-point function results
enhanced with respect to ξg by a factor 10 [134].
2.2.3 Peak-background split
As reported by [133], after this brief introduction to the bias, it is important to understand
its physical meaning. It is necessary to introduce the so called "Peak-background split"
(PBS) method [81]. The idea is to decompose the growing mode of the linear density
field δL into the sum of a low-amplitude signal δbg,L, characterised by a wavelength λ such
that λ  R (with R the comoving size of the patch considered) and a high-amplitude
component δpk,L, that contains all the Fourier modes with short wavelength (λ ≤ R).
As it was mentioned previously and as it will be seen for the Press-Schechter theory in
the following, halos form when the threshold is overcome by the field. It is easy to see
that so, depending on the value (and sign) of the background field the formation of halos
is enhanced or retarded, so in a certain sense the background field, modulates the halo
number counts. From the point of view of collapsing regions, characterized by a radius
much smaller than the wavelength of the perturbation, this corresponds to adding or
subtracting a uniform matter component on top of the small-scale fluctuations. Called δc
the value of the threshold, the collapse criterion results modified to
δ(x, t) > δc − δbg,L(x, t) . (2.39)




∣∣δbg,L〉 = n(M, z|δc − δbg,L)
n(M, z|δc)
− 1 . (2.40)
The previous formula, so, expresses the difference in the number of halo that one should
have if the background field is present (lowering the threshold) with respect to the case in
5In order to get the following result one needs the asymptotic expansion of the erfc(x) for large x.
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the absence of the background field, normalized to this latter value. The background can
lower the threshold changing so the number of halos that form [149]. Typically |δbg,L|  1
so it makes sense to expand this latter equation (up to the first order), obtaining
〈
δLh
∣∣δbg,L〉 ' bL1 (M, z)δbg,L , (2.41)
with bL1 (M, z) the bias. In particular it results that the bias can be written as








Just to conclude it must be added that, as underlined by [164], up to first order the galaxy
over density perturbation results proportional to δ by the same quantity bL1 . This method
will be used in the following in the derivation of the NG contribution to the bias [67]. Let













This last equality suggests that if ν  1, i.e. in the case of rare high-mass halos (σ → 0),
the bias becomes large and this means that these halos cluster more strongly than matter.
2.2.4 Eulerian biasing
The expressions found reflect the statistical properties of a Gaussian random field and only
apply to the initial conditions of the halo-formation process (Lagrangian clustering of those
regions that after a collapse will form a halo at redshift z)[134]. In order to find the final
distribution of halos one has to account for the large-scale flows that modify halo positions
as time passes (Eulerian clustering). In other words the goal is to translate these results
to the observationally relevant statistic of the evolved halo field at lower redshift7 [133].
Let us indicate with δ(z) the overdensity (or underdensity). The fractional overdensity of




− 1 ' bE1 (z)δ(z) , (2.44)
where N̄h is the number of virialized halos in the region and n̄h is the global mean abun-
dance; V is the volume of the region. If one refers to proto-halos in the initial conditions
as exact progenitors of halos identified at z, their number is conserved. Moreover the
evolution of the overdensity (or volume) follows spherical collapse that is determined only
6The same result can be found noting that in the case of the Press-Schechter theory, (2.40) can be
written as 〈
δLh




Expanding the exponential at first order one obtains again (2.43).
7The result shown in this part will be also used in the calculation of the non-Gaussian bias in the
following section.
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Figure 2.2: Scheme of the peak-background split. It is easy to see that the background
(red) modulates the small-wavelength signal (blue), allowing the total signal to overcome
the threshold forming structure (orange dots). Image Credit: [134]
by the initial overdensity of the region and if one excludes shell-crossing (nearby shells
of matter intersect creating density singularities), the mass in each shell is conserved. So
from number of halos conservation of can write also the Lagrangian density perturbation
as




Moreover from mass conservation one can write
V L = (1 + δ(z))V , (2.46)
and finally it results
1 + δh(z) = (1 + δ
L
h )(1 + δ(z)) ' 1 + (1 + bL1 )δ(z) (2.47)
⇒ δh(z) = (1 + bL1 )δ(z) +O(δ2) . (2.48)
At the end, so, it holds [134]
bE1 = 1 + b
L
1 . (2.49)
This latter equation implies that if initially bL1 vanishes, also δLh should vanish and so halos
hare uniformly distributed at the initial epoch. They will remain unbiased with respect to
matter at any z. One could also iterate to obtain such a relation to higher orders of the
expansion.
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2.3 Primordial non-Gaussianity and Bias
In the previous section we studied the way to analytically relate how the collapsed structure
clusters to the properties of the underlying DM in the case of Gaussian initial conditions.
The topic that now can be treated is related to the study of NG) effects in the bias in
order to see in which way it affects the halo bias. As shown in a general fashion by [65–67]
the presence of primordial NG induces a scale-dependent term in the bias and this term
can be used to further constrain NG (the first constraints have been obtained from CMB
measurements [146]) and this is a strong motivation to study how PNG impacts LSS. Aim
of this thesis, in fact, is also to take into account the presence of a NG bias in the AGWB
anisotropies to see how this modifies the power spectrum when cross-correlating with the
CMB anisotropies, as it will be seen in Chapter 5.
One of the predictions of the standard inflationary model for triggering the forma-
tion of structures in the Universe is that the initial conditions are adiabatic and follow a
nearly-Gaussian distribution, with deviations from Gaussianity that are small and model-
dependent, e.g., [60, 165]. Besides this nearly Gaussian model, there exist several alterna-
tive models that predict stronger deviations from Gaussianity, e.g., [166–168]. The observed
abundance of high-redshift cosmic structures contains important information about the
properties of initial conditions on galaxy and clusters scales and the Gaussian assumption
plays a central role in analytical predictions for the abundance and statistical properties
of the first objects to collapse in the Universe. [52]. A small deviation from Gaussianity
would have an impact on these statistics which probe the tails of the distribution8. This
is the case for the abundance of high-redshift objects like galaxies at z ≥ 5 or clusters at
z ∼ 1 which correspond to high peaks, (rare events) in the underlying dark matter density
field [52].
2.3.1 Non-Gaussianity
A way to introduce PNG is to consider a model that sees the primordial overdensity field
δ or the initial peculiar gravitational potential represented by a field ψ, with zero mean
and built starting from a Gaussian field φ (that is also a zero-mean field), as [52, 169]
ψ(x) = αφ(x) + fNL(φ
2(x)− 〈φ2〉) , (2.50)
with α and fNL free parameters of the model (note that in the following α = 1). One
can see this latter equation as a Taylor expansion of a more general NG field around the
Gaussian limit (thw first two terms, in this case). Note that if fNL, the parameter that
describes the amplitude of the NG correction, is zero, one recovers the Gaussian case, but
also that ψ presents a zero-mean: if one evaluates 〈ψ〉 from equation (2.50) it easily goes
to 0, since the homogeneous and isotropic Gaussian process φ is assumed to have 0 mean.
An interesting derivation of the non Gaussian bias was obtained by [66]. One can
8As shown by [135], galaxy formation occurs out of 2 − 3σ peaks to reconcile the predictions of the
sCDM with the observed distribution of brigh galaxies.
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start from the generalization of the two-point correlation function, obtained in the general
non-Gaussian case by [51, 64] as











x1, . . . ,x1
j times
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x2, . . . ,x2
(N − j) times
] .
(2.51)
According to the values of fNL consistent with observations one can keep only the terms
up to the three point function, obtaining
N = 2, j = 1 ⇒ ν2
σ2
ξ(2)[x1,x2]






















The next step is to Fourier transform this quantity and then apply the local non-gaussian








ik1·x1eik2·x1eik3·x2ξh(k1, k2, k3) , (2.54)
where Bδ(k1, k2, k3) is the density bispectrum. It is now necessary to express this latter
quantity in terms of known quantities. First of all one has to remind the relation between
Φ and the filtered linear overdensity, provided by Poisson equation, but noting that the
matter transfer function T (k) and the window functions W (k) cannot be neglected. Hence










= (2π)3δ3(k1 + k2 + k3)Bδ(k1, k2, k3)
= (2π)3δ3(k1 + k2 + k3)M(k1)M(k2)M(k3)Bφ(k1, k2, k3) . (2.56)
Moreover one can Fourier transform Φ obtaining
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and its bispectrum can be written as [66]
Bφ(k1, k2, k3) = 2fNL[Pφ(k1)Pφ(k2) + Pφ(k2)Pφ(k3) + Pφ(k1)Pφ(k3)] . (2.58)







[Pφ(k1)Pφ(k2) + 2Pφ(k1)Pφ(|k1 + k2|)]ei(k1+k2)·(x1−x2) (2.59)














α) + 2Pφ(k)] , (2.60)























































Note that in the previous expression Pδδ(k, z) = D2(z)Pδδ = D2(z)M2(k)Pφ(k). Remem-
bering now the definition of the bias (squared) as ratio of the halo and matter power
spectra and the definition of the Eulerian bias one obtains [66]











with δc(z) = δc(z)D(z) and noting that the modification contains is redshift and k depen-
dent.
An alternative derivation for the large-scale bias has been obtained by [67]: they were
able to show that any mass function provides the same results. Considering the peak-
background splitting they write the density field as
ρ(x) = ρ̄(1 + δl + δs) , (2.65)
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where δl and δs are respectively the long and the short wavelength pieces. In this case n is










In the NG case is complicated by the fact that large and small scale density fluctuations
are no longer independent; one so can split the Gaussian potential fluctuations as
φ = φl + φs . (2.67)
Substituting in (2.50) one gets
ΦNG = φl + fNLφ
2
l + (1 + 2fNLφl)φs + fNLφ
2
s + const . (2.68)


















s ] . (2.70)




















In this case X2 is a constant so the relative term (2.71) is not present in the expansion.












with the derivative taken at 〈X1〉 = 1. Introducing σlocal8 = σ8X1(x), it is possible to write
[67]
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the authors of [67] obtain again9 (remind rH = (c/H0))








2.3.2 Bias in a relativistic context
It must be underlined that the bias has to be defined in the synchronous-comoving gauge.
It is necessary since the requirement to obtain a consistent expansion of the bias in the
relativistic context is that the time slicing (constant-time hypersurface) chosen to perform
the bias expansion must correspond to a constant proper time of comoving observers, which
is realized precisely in the synchronous-comoving (SC) gauge. In other words, to obtain a
correct linear expansion of the bias, galaxies need to be taken at fixed evolutionary stage,
so at fixed proper time [133]. This topic requires to be analysed since it will be used later,
in the context of the AGWB anisotropies, Chapter 4. The two quantities that result to
be necessary in the analysis are the mean density of a galaxy and the evolutionary stage
of the tracer (galaxies). One so can consider a volume V centered in space-time point xµp
on a constant hypersurface (with tu the proper time of comoving observers since the Big
Bang taken constant) and the number of galaxies that reside in the volume at the time tu.
Such number can be written, in general as Ng = f(M, tu, x
µ
p). Fixing now a coordinate
system (η,x) one can write the physical matter density as
ρ = ρ̄m + δρ = ρ̄m[1 + δ ln ρ] . (2.77)






a′ = −3H = −3aH (2.78)




ρ = ρ̄m(η)[1 + δ ln ρ]V
= ρ̄m(η)[1 + δm − 3Hδη]V , (2.79)
taking into account that the time displacement has been considered such that a(η)[η −
δη(x)] = tu = const. Following this reasoning one can so write the number of galaxies




ng = n̄g(η)[1 + δ lnng]V
= n̄g(η)[1 + δg + bepHδη] . (2.80)
Note that in the last equation δg is the galaxy number density perturbation at constant con-
formal time η and bepHδη is the galaxy density perturbation on a constant age-hypersurface.
9More details can be found in the reference paper.
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Moreover it is possible to write Ng defining f̄(M ; tu) = 〈f(M ; tu, xµp)〉 as the average of
the function f at fixed tu and b, the bias, as











Ng = f̄(ρ̄mV ; tu)[1 + b(δm − 3Hδη) + ε] , (2.82)
with ε the stochastic contribution to the galaxy density. Comparing this last equation with
the previous expression of Ng, (2.80), one gets
δg(x
µ) = b(η)[δm(x
µ)− 3Hδη(xµ)]− bepHδη(xµ) + ε(xµ) . (2.83)
It is important to point out some observations about this last result. First of all sending
all the perturbations to 0, as expected, one obtains n̄g(η)V = F̄ (ρ̄mV ; tu). Furthermore,
on subhorizon scales (λ  H) the quantity Hδη is negligible with respect to δg and one
obtains a linear relation between the galaxy and matter perturbations
δg(x
µ) = bδm(x
µ) + ε(xµ) . (2.84)
In the SC gauge δη = 0 and (2.83) is linear to all scales. In this gauge bep is replaced with
be, defined in the same way but using the comoving number density despite the physical
one. In A.2 we discuss the gauge invariance of be and b.




The final goal of this thesis is to compute the C`’s for the cross-correlation signal between
the CMB anisotropies and the AGWB ones. In order to do so it is necessary to focus at
least on the main steps in order to describe the CMB and obtain its anisotropies (at first
order).
The theory of the Big Bang predicts an Universe initially very hot and dense that then
due to its expansion, cooled down. Hence at the beginning it was practically impossible
for the atoms to form since the energy of the Universe was very high: photons, baryons
and electron were strongly interacting forming the ionized plasma. During this period,
due to the strong interaction of photons with other particles in the Universe, this latter
can be considered practically opaque to radiation. The expansion of the Universe and the
related cooling brought to the formation of the first atoms were able to form. Then the
photons decoupled by the rest of the components in the Universe (their interaction rate is
lower if compared to the expansion of the Universe itself), at an epoch called decoupling
(z ' 1100). These photons travelled to us practically freely forming the Cosmic Microwave
Background radiation [47].
As it is well known the CMB has been one revolutionary detection of the middle
sixties: the CMB photons provide a screenshot of the epoch they were produced and so
are an important probe to study the early phases of the Universe. After the launch of the
satellite COBE in 1989 it was confirmed that the CMB is a perfect black-body spectrum
at the temperature of nearly 2.73 K, but this radiation also presents some "imperfections"
(temperature fluctuation of the order of 10−5) related to small fluctuations in the cosmic
plasma. These anisotropies are of great interest since their formation is related to the
presence of gravitational potentials in the Universe and so their analysis has brought not
only more information of the fundamental parameters of our Universe (Ωb, H0, . . . ) but
also information on the formation of structures in the Universe, strictly related to the
presence of over-densities in the underlying matter distribution. In this Chapter we report
the derivation of the CMB anisotropies, but before before going into quantitative details
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it is worth to provide a physical description of these anisotropies. The first effect that
produces a characteristic shape to the CMB spectrum is called Acoustic Oscillations and it
was originated when the photons and the baryons still interacting (before decoupling) were
moving in the gravitational potential. On the one hand the baryons tended to fall within
the potential, on the other the radiation pressure opposed this gravitational compression.
The combination of these effects gave rise to an harmonic series of peaks (damped due to the
expansion of the Universe) in the power spectrum. Another effect that has to be considered
is the Sachs-Wolfe effect. After the decoupling the photons freely propagate in the Universe,
but firstly they need to climb the gravitational potentials mentioned before. This generates
a gravitational redshift which stretchs the wavelength of the photons. Moreover one has to
consider also the Doppler effect to account for the relative motion of the fluid with respect
to the observer. The final effect that needs to be mentioned is the Integrated Sachs-Wolfe
effect (ISW). It takes into account the variations of the energy of the photons, while they
freely propagate in the Universe, after interacting with the gravitational potentials. This
effect may appear similar to the Sachs-Wolfe; the main difference is that this latter is
imprinted at the last scattering, while the ISW is imprinted during the propagation and
so in this case one has to evaluate the time-evolution of the gravitational potentials for
the whole path from last scattering to today (as it will be shown this term involves the
time-derivative of both potentials to account for their variation and an integration over
all the path up to the observer). The rising of this effect can be explained in a very easy
way. Just consider a photon that propagates in the Universe at the initial frequency νi.
At a certain point it enters in a gravitational potential being gravitationally blue-shifted.
As it comes out from the potential well the photon is redshifted and one should expect
that the final frequency is equal to the initial one. However since during the staying of the
photon in the potential this latter has changed in time, the final frequency results different
(of a small amount) and this generates anisotropies in the signal. It must be specified
that the ISW includes two contributions imprinted in different moments of the evolution
history of the Universe. The first one is called early-ISW and affects the spectrum just
after recombination up to full matter domination; it is strictly dependent on the radiation
content of the Universe. Radiation pressure makes the potentials decay inside the sound
horizon; so the fluctuation of a particular wavelength decays as the wavelength enters
the horizon causing an enhanced anisotropy contribution for those wavelengths (smaller
wavelengths with respect to matter domination and consequently higher k). On the other
hand after the end of matter domination the Universe enters a rapid expansion phase. The
potentials decay again causing the late-ISW effect.
Although in Chapter 5 the cross-correlation of all the CMB anisotropies and the AGWB
ones will be considered, a particular attention will be focused on the ISW effect. The wells
that produce it are the same places were, at late times, sources of gravitational waves have
formed and that is the reason for which a correlation between the two signals is expected.
A very detailed analysis of the CMB and its anisotropies is provided by [47, 164].
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Figure 3.1: In the figure all the primary CMB anisotropies have been plotted. The plot
has been obtained with the public software CLASS [170].
3.1 Cosmic Microwave Background anisotropies as a power-
ful probe
The well established ΛCDM Model, as it is well known, predicts an Universe composed
by ordinary matter only for its 5%. The greatest part of the matter is called “dark” and
represents the 25% of the Universe while the rest is given by the presence of a still unknown
quantity, the dark energy. The CMB has been of great importance in the understanding of
the Universe: the power spectrum generated by the anisotropies, that will be derived in the
next section, has been crucial in constraining the fundamental parameters of the Universe.
The locations of the peaks, for example, depend on the background cosmology, both on
the curvature of the Universe (that so from the experimental results can be considered
nearly flat) but also on the density parameters of baryons, cosmological constant, etc. In
particular from the position of the first peak the flatness of the Universe has been proven,
from the third peak the density of Dark Matter [47]. Moreover also the heights of odd
and even peaks pays an important role. The difference between the heights is a probe
of the baryon-photon ratio and is fundamental in determining the number of massless
neutrinos. Another cosmological probe is provided by the damping scale of the spectrum.
The diffusion damping is a process that tends to reduce density anisotropies letting, in a
certain sense, the Universe and the CMB to be more uniform. This effect is related to
the imperfect coupling between baryons and the photons. So as photons stream randomly
through the baryons, the hot and cold regions mix. The damping is nearly exponential
as the diffusion length overtakes the wavelength. At last scattering the ionization fraction
decreases, allowing an increase of the mean free path of the photons and the diffusion scale
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becomes the thickness of the last scattering surface, producing a cut off in the anisotropy
spectrum. It results that this damping scale is sensitive to the baryon content. For example,
if last scattering is delayed, the diffusion continues for more time and all the acoustic peaks
could be destroyed [47].
Since the focus of this thesis is mainly on the cross-correlation between the CMB and
the AGWB, as it will be explained in Chapter 5 the late-time evolution of the Universe is
involved. It is necessary so to see how late-time effects affect the CMB radiation imprinting
anisotropies that are, so, powerful probes of the sources that are responsible for such ef-
fects. As explained by [47] astrophysical processes between recombination and the present
can alter the spectrum or by erasing or masking the anisotropies (primary anisotropies) by
rescattering and other filtering or by generating secondary fluctuations, leaving an imprint
of a more evolved and complex Universe (secondary anisotropies). Measurements of the
secondary anisotropies induced in the more recent Universe like the Sunyaev-Zel’dovich
effect and the late-ISW effect could be important in measuring the Hubble constant and
the properties of Dark Energy. These secondary anisotropies, thus, depend on the astro-
physical details of structure formation and so provide constraints on models upon these
processes. The late-ISW effect has been explained in the previous section and is related to
the gravitational redshift provided by more recent structures. Another way clusters induce
anisotropies is through Compton scattering with electrons in the hot cluster medium; the
electrons transfer energy to the CMB leading to temperature anisotropies. If the cluster
presents also a peculiar velocity the scattered photons could present additional anisotropies
via a Doppler shift. Another interesting effect is the Rees-Sciama effect [171], an higher
order correction (beyond linearity) related to density evolution similarly to the late-ISW.
Finally, it is worth to mention the lensing effect. This effect is related to the presence
of potential fluctuations that lense the CMB non inducing other anisotropies but only
redistributing them in angles. The magnitude of this effect depends on the model of
structure formation, including the assumptions for non-linear clustering [172].
3.2 The Boltzmann Equation
After the brief introduction on the CMB anisotropies and on how they are able to provide
information about our Universe, it is time to study them in a more quantitative way. In
order to study the formation and evolution of CMB fluctuations the tool to be used is
the Boltzmann equation (BE), since it allows to study particles from a statistical point of
view, accounting for eventual interactions between them and other particles. In order to
link the anisotropies observed today to the perturbation at the epoch of recombination it
is necessary to obtain a BE for the photons in a relativistic context. In particular, one can
write it as [164]
L̂[f ] = Ĉ[f ] , (3.1)
where Ĉ is the collisional operator and regulates the right-hand side of BE while L̂ is the
Liouville operator. In particular, the LHS of the equation accounts for the effects of gravity
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on the photon distribution; gravity, in fact, is a source of spatial fluctuations in the photon
distribution and its effects are controlled by the Liouville equation (or Boltzmann equation
with the collision term set to 0). Such an equation accounts for the evolution of the photon













= 0 . (3.2)
The latter expression is nothing more than the conservation of f along the trajectory of
the photons and the dependence on the gravitational potential is hidden in the time depen-
dence of the photon momentum (as it will be seen later). For what regards the collisional
part, the RHS, it accounts for the interactions of the considered particle with other species.
In the case of photons the effect to be considered is the Compton scattering that allows
a coupling between photons and baryons in order to let them remain in kinetic equilib-
rium. In particular, before starting with the analytic derivation of Boltzmann equation,
it is dutiful to spend some words on the Compton Scattering. This process dominates
the interaction of CMB photons with electrons that are the main mechanism for a ther-
malization of the CMB. The typical assumptions in the study of Compton scattering are
4: consider everything in the Thomson limit (small fractional energy transfer), consider
an unpolarized radiation that remains unpolarized, a density of the electrons low enough
to neglect the Pauli suppression term and finally a thermal electron distribution about a
particular bulk velocity determined by the baryons, vb. From a cosmological point of view
all these approximations are valid, except for the one related to polarization that is not
strictly true, since in reality a small level of polarization in the CMB is expected [47].
For the collisional part of BE, one could provide a general definition of the collision
integral, considering a generic process like
Ψ + a+ b+ . . . ⇐⇒ i+ j + . . . (3.3)
The collisional contribution of the specie Ψ due to the possible interactions with other









dΠΨdΠadΠb . . . dΠidΠj . . .
× (2π)4δ4(pΨ + pa + pb + · · · − pi − pj . . . )
× [|M|2Ψ+a+b+···→i+j+...fafb . . . fΨ(1± fi)(1± fj) . . .
− |M|2i+j+···→Ψ+a+b+...fifj . . . (1± fa)(1± fb) . . . (1± fΨ)] ,
(3.4)
where the phase space densities of the various species have been indicated with fi, fj, . . . , fa, fb
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with gk number of degrees of freedom of the k − th specie. The role of the 4-dimensional
delta is to enforce energy-momentum conservation, while the matrix element squared |M|2
is averaged over initial and final spins. A first way to approximate the equation is to include





If one than suppose to be in the limit (E − µ)  T , the Fermi-Dirac and Bose-Einstein
distributions reduce to the Maxwell-Boltzmann one and in such limit fi  1 and it results
1 + fi ∼ 1.






























In the second line it has been considered a distribution function for the photons f =
f(t,x, p, p̂), with p the magnitude and p̂ the unit vector of the three-momentum. At the
0 − th order such a distribution function is the Bose-Einstein distribution, that at higher
order is perturbed and can be written as
f(t,x, p, p̂) = exp
{
p
T (t)[1 + Θ(x, p̂, t)]
}−1
(3.8)
Note that the temperature perturbation Θ presents a dependence on x (related to inhomo-
geneities in the photon distribution) and on p̂ (related to anisotropies in the distribution).
Before proceeding it can be useful to write the BE as
L̂[f ] = P0
df
dt





Ĉ[f ] = Ĉ′[f ] . (3.9)
In the following the ′ will be dropped.
Collisionless BE Before starting with the analysis of the two sides of the Boltzmann
equation, it is dutiful to specify that we are considering the FLRW metric written in the
Poisson Gauge (conformal Newtonian Gauge) [174], characterized by the two time and
space-dependent potentials Φ and Ψ, so the metric becomes
ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdxidxj . (3.10)
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Φ governs the motion of slow-moving relativistic bodies and corresponds to the Newtonian
potential while Ψ corresponds to the perturbation of the spatial curvature that can be
also seen as a perturbation of the scale factor, since a(t) → a(t,x) = a(t)
√
1− 2Ψ(t,x).
For the evaluation of the LHS of the Boltzmann equation firstly the components of the
4-momentum will be found as functions of the potentials and then the Christoffel symbols
will be evaluated. Then using the results obtained and the geodesic equation an expression
for the collisionless BE at first order will be found.
Let us start finding P 0 and P i, the time and space components of the 4-momentum. For
the photons it holds
P 2 = gµνP
µP ν = g00(P
0)2 + gijP
iP j = g00(P
0)2 + p2 = 0 . (3.11)
Substituting the metric components, one can write
P 2 = 0 = −(1 + 2Φ)(P 0)2 + p2 ⇒ P 0 = p√
1 + 2Φ
' p(1− Φ) . (3.12)
It is useful also to write a relation that links the spatial components of the 4-momentum
to p. One can start imposing a proportionality between the two quantities, i.e. P i = Ap̂i,
remembering the definition of p2, it results
p2 = gijP
iP j = a2(1− 2Ψ)A2δijp̂ip̂j













(1 + Ψ)p̂i . (3.14)




















(1 + Ψ + Φ) . (3.15)





αP β = 0 . (3.16)











= p(1− Φ) d
dt
[p(1− Φ)] . (3.17)
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The total derivative of the potential Φ can be easily expressed, since it depends only on t
and xi. For what concerns the evaluation of the quantity Γ0αβP
αP β/p we just needed to




g0σ(∂αgβσ + ∂βgσα − ∂σgαβ)
= −1− 2Φ
2
[∂αg0β + ∂βg0α − ∂0gαβ] (3.19)














[∂0g00 + ∂0g00 − ∂0g00]
= −(1− 2Φ)
2




[∂ig00 + ∂0g0i − ∂0g0i]
= −(1− 2Φ)
2













= (1− 2Φ)[a2Ψ̇− aȧ(1− 2Ψ)]δij
= −a2[Ψ̇ + 2ΨH + 2ΦH −H]δij , (3.23)
for what regards the Christoffel symbols, while the quantity PαPβ/p becomes, for the












(1− Φ + Ψ)
p
p̂i =













(1 + 2Ψ)p̂ip̂j . (3.26)
3.2. THE BOLTZMANN EQUATION 69
























∂iΦ− Ψ̇ +H − 2ΦH
]
, (3.27)






























Finally one should evaluate the term dp̂i/dt. In reality it is not necessary since such a
term is present in the equation multiplied by the derivative of the distribution function with
respect to the momentum direction. Since the quantity of interest represents a variation
of the photon momentum with respect to time and so it has to be a quantity at 1 − st
order (the direction changes only in presence of perturbations), the quantity ∂f/∂p̂i has
to be at 0 − th order. The dependence on the photon momentum direction arises in the
distribution function appears only in the perturbative terms and not at the leading order,
so the product of the two term is at least a 2− nd order term and in this analysis can be























In order to proceed one should expand the distribution function (3.8) as

















T (t)Θ(x, p̂, t)




= f (0)(p, t) + f (1)(x, p, p̂, t) , (3.30)
where f (0) is the 0−th order contribution and f (1) is the 1−st order one2. Now substituting
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where Θ represents the temperature perturbation defined before. Now, the 0 − th order
part is equal to 0 since the collision terms are proportional to the perturbations in the
Universe, as it will be shown, and so are 1−st order terms, while after some manipulations

























It is important to understand the physical meaning of the various terms obtained. The
first are derivatives along light rays and describe the evolution of the distribution function
in absence of collisions (free-streaming terms) while the latter two involve derivatives of
the potentials and so account for the gravitational effect of the perturbations.
Collision terms The next step, necessary to obtain the correct form of BE and to
describe the CMB anisotropies, is to evaluate the collisional part, i.e. the RHS of (3.9):
one has so to consider how the interactions of the photons with the other particles affect the
photon distribution function. In the case of photons the process that mainly contributes
to such variation is the Compton scattering, that can be written as follows
γ(p) + e−(q) ⇐⇒ γ(p′) + e−(q′) . (3.35)
The goal is to evaluate the photon distribution at momentum p (before the scattering














(2π)4δ3(p + q− p′ − q′)δ(E(p) + Ee(q)− E(p′)− Ee(q′))[fe(q′)f(p′)− fe(q)f(p)] .
(3.36)
The energy of the electrons can be approximated with the non relativistic limit E(q) =
me + q
2/(2me) while the photons’ one can be written as E(p) = p. Integrating over q′ and










|M|2δ(p+ Ee(q)− p′ − Ee(q + p− p′))
[fe(q + p− p′)f(p′)− fe(q)f(p)] . (3.37)
Now one has to consider that the scattering process is nearly elastic, so the momentum
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transferred is very small, p′ ' p and one can write
E(q)− E(q + p− p′) = q
2
2me




′ − p) · q
me
. (3.38)






∂δ(x)Φ(x) = −δ(x)∂Φ(x) , (3.40)





dΩ′Θ(p̂′,x, t) , (3.41)


















+ p · vb
∂δ(p− p′)
∂p′
(f (0)(p′)− f (0)(p))
]
. (3.42)





d3qfe(q), with ge = 2 (3.43)
and ge the number of degrees of freedom. It must be specified that it has been used the
averaged Thomson scattering amplitude (to remove the angle dependence to simplify the
calculation) expressed as [164]
|M|2 = 8πσTm2e . (3.44)
As it will be shown later, in reality one should also consider the angular dependence of
such scattering amplitude, but it will provide only higher order corrections and so can be




neσT[Θ0 −Θ(p̂) + p̂ · vb] . (3.45)
As mentioned before, to be more precise one should consider also the angular dependence
of the Thomson scattering amplitude
|M|2 = 6πσTm2e
[
1 + (p̂ · p̂′)2
]
. (3.46)
Substituting this expression in (3.37) and noticing that the angular dependence can be
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expressed in terms of the Legendre polynomial P2(p̂ · p̂′) by the relation
P2(p̂ · p̂′) =
3
2








the collision operator at the end can be written as
Ĉ[f(p)] = neσT[Θ0 −Θ(p̂) + p̂ · vb −
1
2
P2(p̂ · v̂b)Θ2] , (3.48)
As already mentioned before, the correction is just a second order correction and so in the
analysis of the C`’s will be neglected. Equaling now (3.34) and (3.48) one finally obtains















= neσT[Θ0 −Θ(p̂) + p̂ · vb −
1
2
P2(p̂ · v̂b)Θ2] . (3.49)
Passing now to conformal time η (dt = adη) and going to Fourier space one obtains [164]
Θ′ + ikµΘ−Ψ′ + ikµΦ = −τ ′
[











where η0 is the value of the conformal time today.
3.2.1 Free-streaming of the Cosmic Microwave Background photons
The Boltzmann Equation has been found, so the next step is to see how it is possible to
obtain the CMB anisotropies mentioned in the introduction. First of all let us write the
Boltzmann equation for the temperature perturbations Θ.
Θ′ + (ikµ− τ ′)Θ = Ψ′ − ikµΦ− τ ′[Θ0 + µvb] , (3.52)
where the ′ indicates the derivative with respect to the conformal time η and P2 is the
Legendre polinomial with ` = 2. µ is the scalar product (cosine of the angle) between the
γ direction and k̂ (wave vector). One can rewrite the LHS as
Θ′ + (ikµ− τ ′)Θ = e−ikµη+τ(η)
[










Ψ′ − ikµΦ− τ ′[Θ0 + µvb]
)
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= e+ikµη−τ(η)S̃ , (3.54)
where S̃ is the source function defined as
S̃ = Ψ′ − ikµΦ− τ ′[Θ0 + µvb] . (3.55)






dηe+ikµη−τ(η)S̃(k, µ, η) . (3.56)
Note now that τ , the optical depth, is such that today is 0 but at enough initial time tends
to ∞. This means that the initial anisotropies are damped due to the presence of the
exponential and, in order to simplify the calculations, it is useful to start the calculation
directly from ηi = 0. After the previous considerations it follows
Θ(k, µ, η0) =
∫ η0
0
dηeikµ(η−η0)−τ(η)S̃(k, µ, η) . (3.57)
An interesting trick to solve the integral is to note that a part of the exponential depends
on µ so any explicit µ dependence in S can be replaced by the following derivation of the
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In order to simplify this expression one should remind that for η = 0 the optical depth
tends to infinity and this implies a damping of the surface term due to the presence of
the exponential, while at η0 the angular dependence disappears so that also that term is
irrelevant.




















































where in the last step the function S(k, η) has been defined. It is also useful to introduce
the visibility function
g(η) = −τ ′e−τ defined such that
∫ η0
0
dηg(η) = 1 . (3.65)
Reintroducing now the integral over µ and recalling the definition of the spherical Bessel
functions [175]


























dηS(k, η)j`[k(η − η0)]
⇒ Θ`(k, η0) = (−1)`
∫ η0
0




dηS(k, η)j`[k(η0 − η)] , (3.68)
since j`(x) = (−1)`j`(−x). It is now important to remark that τ is very large for epochs
before recombination and this allows the exponential e−τ to suppress the visibility function
for such epochs (η < η∗). On the other hand, after recombination it results that τ ′, the
scattering rate, is quite small and so the visibility function goes rapidly to 0. This allows,
with a good approximation, to consider the visibility function as a Dirac delta centered in
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j`[k(η0 − η)] .
(3.69)
Now if one considers the derivation rule of distributions ddxδx = −δ(x)
d
dx and using the
properties of the δ function, the final result is [164]

































j`[k(η0 − η)]e−τ . (3.70)
The first term in square brackets is the monopole corrected by the Sachs-Wolfe effect;
the second term in square brackets is, instead, the Doppler term, while the last one is
the Integrated Sachs-Wolfe effect. It is important to stress that as anticipated this term
depends on the time variation of the potentials integrated over the entire path of the
photons up to the observer. Moreover the presence of this term is fundamental in showing
the time-dependence of the potentials . One can show that on super-horizon scales it holds







finally one obtains [164]
Θ`(k, η0) ' [Θ0 + Φ](k, η∗)j`[k(η0 − η∗)]











j`[k(η0 − η)]e−τ . (3.72)
This equation is fundamental for finding the angular C` of CMB anisotropies semi-analytically.
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3.3 Power Spectrum
After having found an expression for the anisotropies of the CMB it is useful to see how to
explicitly find the C`. The first step consists in expanding the perturbations in spherical
harmonics





a`m(x, η)Y`m(p) . (3.73)
Using now the orthonormality property of the spherical harmonics easily one obtains
a`m(x, η) =
∫







dΩY ∗`m(p̂)Θ(k, p̂, η) , (3.74)
where Y`m are the spherical harmonics, while a`m the corresponding amplitudes. Note that
in the second line the quantity Θ has been Fourier transformed. Since the a`m are linked
to perturbations, it is easy to understand that their mean value is expected to be 0. This
means that the momentum to be considered is the covariance, defined as
〈a`ma∗`′m′〉 = δ``′δmm′C` . (3.75)
















′)〈Θ(k, k̂ · p̂, η)Θ∗(k′, k̂′ · p̂′, η)〉 . (3.76)
It can be useful to remember that temperature anisotropies can be related to primordial
curvature perturbations through the introduction of a transfer function such that one can
write3
T (k, p̂) = Θ(k, p̂, η0)
ζ(k)
(3.77)
and so it follows
〈Θ(k, k̂ · p̂)Θ∗(k′, k̂′ · p̂′)〉 = 〈ζ(k)ζ∗(k)〉T (k, p̂)T ∗(k′, p̂′)
= (2π)3δ(3)(k− k′)Pζ(k)T (k, p̂)T ∗(k′, p̂′) . (3.78)
where in the second line the definition of primordial power spectrum Pζ has been used. It
is important to underline that the ratio between Θ and ζ does not depend on the initial
value of the amplitude (it is just a function that maps the temperature perturbations to
the primordial perturbations, so it is not a stochastic variable) and it can be removed from
3An explicit expression for the transfer functions for the various quantities involved (Φ, Ψ, v) is provided
in Chapter 5.
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′)T (k, k̂ · p̂)T ∗(k′, k̂′ · p̂′) . (3.79)

















P`(cosα)T (k, cosα, η)
⇒ T (k, cosα, η) =
∑
`
(−i)`(2`+ 1)P`(cosα)T` . (3.81)








(−i)`′′(+i)`′′′(2`′′ + 1)(2`′′′ + 1)T`′′(k, η)T ∗`′′′(k, η)∫
dΩP`′′(k̂ · p̂)Y ∗`m(p̂)
∫
dΩ′P`′′′(k̂ · p̂′)Y`′m′(p̂′) .
(3.82)
Using the following expression for the product between a Legendre polynomial and a spher-
ical harmonics∫





















4Note that Φ in the angle between p and k, so k̂ · p̂ = cos Φ




































dkk2Pζ(k)|T`(k, η)|2 . (3.84)






dkk2Pζ(k)|T`(k, η)|2 . (3.85)
3.4 Sachs-Wolfe Effect
The large-angle CMB anisotropies are typically determined by extremely large-scale modes
that entered the horizon only recently. First of all on such large scales the dipole can be
neglected and the large-angle anisotropy is determined mainly by the monopole plus the
SW correction evaluated at recombination, the Θ0 + Φ term of equation (3.72),
Θ`(k, η0) ' [Θ0 + Φ](k, η∗)j`(kη0) . (3.86)
Studying the acoustic peaks one obtains a relation that links such quantity to the primordial
density perturbations ζ [164],
[Θ0 + Φ](k, η∗) = −
1
3






















` (kη0) . (3.88)
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where it has been introduced a pivot scale kp (typically the Planck team adopts is as 0.05




Pζ(kp) ' 2.1× 10−9 . (3.90)







dkkns−2j2` (kη0) . (3.91)






























































At the end one obtains a result that matches on large scale what represented in Figure 3.1:








⇒ `(`+ 1)CSW` = const . (3.97)
3.5 Integrated Sachs-Wolfe effect
Now it is useful to see how the solve the ISW integral both for the early-ISW and for
the late-ISW. This effect is related to the variation in time of the potentials: when the
photons enter and than exit from the potential wells they will not experience the same
and opposite contributions and the sum of all these contributions along the line of sight
is what is called Integrated Sachs-Wolfe Effect [50]. Since the potentials are constant in
the matter-dominated epoch, the ISW effect can be separated in two parts, the early ISW
effect from radiation domination and the late ISW effect in the Λ dominated epoch (the
ΛCDM model is here taken into account) [47].
5The proof of the first equation is simple. Since
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3.5.1 early-ISW
In this case we have







j`[k(η0 − η)]e−τ . (3.98)







[Ψ(k, η) + Φ(k, η)]e−τ =
















where the Bessel function has been evaluated in η∗ since here we have the dominant con-
tribution. In particular the integral on the RHS becomes∫ η0
0








where it has been recovered that −τ ′e−τ(η) is the visibility function. Finally considering
that τ(0)→∞ and τ(η0)→ 0 one obtains [47]
Θe−ISW` (k, η0) = [Ψ(k, η0)−Ψ(k, η∗) + Φ(k, η0)− Φ(k, η∗)]j`[k(η0 − η∗)]
= [∆Ψ + ∆Φ]j`[k(η0 − η∗)] . (3.101)
3.5.2 late-ISW
According to recent observations we live in a flat Universe that is almost dominated by
Dark Energy [57]. The transition to DE dominance has happened so recently and that is






























Before concluding it is worth to mention that two cases must be distinguished to explain
why this effect effectively affects only larger scales. If, in fact, a wavelength is much larger
than the distance travelled by the photon, this latter receives an instantaneous kick produc-
ing an effect similar to the SW and early-ISW, while in the case in which the wavelengths
are smaller than the path covered by the particle, the latter suffers redshifts and blueshifts
from crests and troughs, resulting in a cancellation of these contributions. It is worth to
stress that at non-linear level, the potential evolves also during matter domination (while
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at linear level they are constant non contributing to the ISW effect) giving rise to the
Rees-Sciama effect [171]. The total contribution includes damping processes and the ISW
effects [47].




The main aim of this thesis is to develop tools necessary to characterise the Astrophysical
Stochastic Gravitational Wave Background and to understand to which extent it can be
used in correlation with other probes (in this case the CMB) to extract information about
our Universe. As mentioned in Chapter 1 the astrophysical GW signals have been gener-
ated by “close” sources that are too far or too numerous to be individually detected leading
to the formation of a background. Single events of gravitational waves produced by astro-
physical sources have been detected since 2015 and this ensures that we are close to the
detection of the background. This is reinforced by the latest results from the NANOGrav
collaboration [44, 45]: they suggest the presence of signature that resembles the behaviour
of a Stochastic Background of Gravitational Wave and that most likely will be discovered
soon. It is dutiful also to remind that the stochastic background consists of different contri-
butions and it is possible to discriminate them distinguishing the various frequency bands
in which each contribution is active [22]. For what regards the astrophysical contribution,
many sources contribute to the background like BH and NS mergers, SN explosions (see
Chapter 1).
4.1 Astrophysical dependencies
As stated in this thesis the Astrophysical Stochastic Background is not only able to put
constraints on many cosmological parameters allowing us a better understanding of the
Universe, but could also allow for a better study, in a statistical sense, of the properties
of the astrophysical sources that generated it. Following this, it is worth to briefly see
how the energy density of the astrophysical background depends on the properties of the
astrophysical sources and analyse how a change of an astrophysical parameter is able to
modify the spectrum of the background (e.g., see [104, 176]). As an example we report the
analysis carried by [43]. They studied the contribution of BH mergers exploring different
stellar models for the evolution of BH stellar progenitors and observing how they are able
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to modify the spectrum.
• Variation of the BH formation model: A quantity that is interesting to be
changed is the BH formation model. The BH mass depends depends on the value
of the mass of the object before the collapse, the chemical composition, the rotation
velocity and there are also some parameters that are fundamental for the formation
and evolution of a binary system, like dynamical processes in stellar clusters, common
envelope evolution. The reference model used by [43] is the one provided by [177]
that regards neutrino-driven explosions and in which the explosion energy and the
remnant mass have been evaluated using pre-collapse stellar models. One could think
then to consider an alternative model like the one provided by [178] that differs both
for using a different set of pre-collapse stellar models but also in assuming a constant
explosion energy; the differences are such to produce a different mass distribution of
detectable BHs.
• Variation of the BH mass cutoff: Another interesting variation with respect to
the reference model regards the BH mass cutoff. As it is well know very massive stars
are unstable since they cannot support the electron-positron pair creation leading to
the formation of pair-instability supernovae. Unfortunately there is lack of evidence
for these types of SN but the absence of BH in the range of masses from 60M to
260M could indirectly confirm the existence of such objects. One could think to
lower the cutoff considering the presence of mass ejections due to instabilities but
this would imply an increase in the number of BHs at masses nearly 40M. In this
case two different cutoffs were considered, one at 40M and another at 50M.
• Variation of the Stellar initial mass function: Another quantity that plays an
important role in the stellar evolution is the Initial Mass Function (IMF). This is an
empirical function that aims to describe the initial distribution of the masses of a
population of stars. This function is of absolute importance since the properties and
the evolution of a star are strictly related to its mass, since this from latter quantity
one is able to predict the colour but also the evolution of a star up to his death.
Being an empirical function, it could be interesting to see how a variation of its slope
could affect the power spectrum of the background and so it would become clear how
the background could be able to constrain such a parameter.
• Variation of the distribution of initial separations: Another interesting varia-
tion regards the initial separation of BHs in a binary system; this quantity is impor-
tant since it is strictly linked with the distribution of merger delay times. Typically
the probability that the separation is a goes like a−1 is considered and that is the
behaviour adopted in the reference model. In order to see how the separation af-
fects the spectrum, the alternative model in the extreme scenario of constant initial
distribution can be considered.
• Variation of the metallicity: Finally the last variation that is worth to take into
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account regards metallicity. It is well known that the metallicity of stars is a very
important parameter: it quantifies the abundance of objects that are heavier than
hydrogen and helium. The presence (or not) of heavy elements inside a star since
its birth is peculiar for the evolution of the star itself: massive stars with a very low
metallicity, for example, are expected to produce massive stellar black holes or stars
with a very high metallicity are expected to experience very strong winds during their
evolution, leaving a remnant with a very small mass. The mass-metallicity relation
adopted in the reference model was the one provided by [179] while the modified one
provides a constant metallicity.
Figure 4.1: The Figure represents the monopole energy density of the AGWB multiplied by
a factor f−2/3 to better see the difference in amplitude for the various models considered.
Image Credit: [43]
After having considered the possible variations with respect to the reference model it
is interesting to see how the energy density as function of the frequency or the power
spectrum change. It is worth to mention that for the modification mentioned before one
would observe a difference already in the monopole, whose amplitude varies up to a factor
2 for the different models, as one can see in Figure 4.1. A similar behaviour is observed
also if one considers the power spectrum of anisotropies, as it is shown in Figure 4.2.
In particular the fractional difference of the power spectrum between the various models
has been represented. It easy to see, for example, that changing the cutoff or the stellar
evolution model could cause a variation of the order of 50%, while in the case of a change
in the distribution of the initial semi-major axis one could observe a change up to the 80%
for low multipoles.
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Figure 4.2: The Figure represents the fractional difference between the angular power
spectrum of anisotropies for the various models considered. Image Credit: [43]
4.2 Energy Density
After having provided an example that shows how the AGWB is important for a better
understanding of the astrophysical objects it make sense to analyse the anisotropies in a
more quantitative fashion. Similarly to what it was done for the CMB radiation now the
anisotropies of the AGWB will be analyzed, following [48] evaluating the geodesic equation
perturbed up to first order.
It is so useful to recover the definition of a quantity that is mainly used in the study of







where Ωo is the solid angle. Note that now the frequency has been indicated as fo and also
the direction dependence has been added (obviously regarding the anisotropic part). Just to
remind, ρc = 3H2/(8πG) and dρGW is the energy density of GW’s in the frequency interval
f, f + df . As mentioned before, this quantity includes both a background contribution in
the observed frame, which is, by definition, homogeneous and isotropic, the monopole
Ω̄GW/(4π), and a direction dependent contribution ΩGW(fo,Ωo). We will focus on this
second contribution.
Considering an observer that measures a gravitational wave signal in a fixed direction
n, one expects that the total gravitational energy density in a direction has to be the sum
of the all unresolved astrophysical contributions along the line of sight contained in a given
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Note that in the last expression it has been introduced a sum over the index [i]. That
is necessary in order to consider the contribution to the background of all the unresolved
astrophysical sources. Moreover an integration over astrophysical parameters has been
introduced; therefore it has been introduced a vector of parameters θ = {Mh,M∗,m, θ∗},
where Mh is the halo mass, M∗ is the mass of stars that give origin to the sources, m
indicates the masses of the compact objects and θ∗ includes the astrophysical parameters
related to the model (like spin, orbital parameters, star formation rate). The quantity n[i]h ,
instead, is the number of halos at given mass Mh, in the physical volume dVe, weighted
with the parameters θ of the sources at xµe 1.
The next step now it to rewrite the expression just found for the energy density trying
to explicit the various quantities. Following this line, it is a good point to remind the



















where εµνρσ is the Levi-Civita tensor, uµ is the four velocity vector as a function of co-
moving location and we have introduced the angular diameter distance DA and the GW
4-momentum pµGW. It is now a good point to define a comoving tetrad, choosing the 4-
velocity uµ as the time-like basis vector. Called Λµ
0̂
the comoving tetrad one so can write






In particular the components of the tetrad have been called E α̂µ and are defined by the









ν = ĝµν ,
ĝµνE α̂µ = E
β̂µ , ηα̂β̂E
β̂
µ = Eβ̂ν , (4.5)
There is still another quantity in the expression for the volume (4.3) that needs to be
1It must be specified that the index "e" stands for "evaluated at emission", while the index "o" for
"evaluated at the observer position"
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where kµ is the comoving null four-vector of the GW, uµ is the four-velocity of the observer
at xµe and λ is the affine parameter that can be written as follows




Since it will be highly considered in the following calculation it is dutiful to specify that χ is
the comoving distance, in real space, from the observer to the source of the GW. It must be
recoverd also another result from general relativity according to which (−uµpµGW) = 2πfe.
For what regards the energy of gravitational waves emitted from the haloand measured
at the observer is [48]
dE [i]GW(x
µ
e → xµo , θ)
dfodTodAo
=
K[i](z, fe, xµe , θ)
(1 + z)3D2A(z)
; (4.8)
in the latter expression another quantity K[i](z, fe, xµe ) has been introduced and it encodes
all physical effects of the GW signal emitted. Obviously as anticipated before the super-
script [i] is still related to a typical unresolved astrophysical source considered.
After these definitions it is a good point to try to rewrite equation (4.8) in order to link
the various quantities to the emitted ones and so find an expression for the function K.
Firstly to shorten the notation one can write E [i]GW(x
µ
e → xµo ) as E [i]GWo and using the chain















where dE [i]GWe/dfedΩe is the energy spectrum per unit solid angle of the observer with z ≡ ze.
Exploiting some very well known relations it is possible to explicit some terms of equa-
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It must be underlined that for a particular type of source, dE [i]GWe/(dfedTedAe) has a specific
distribution function characterized by local parameters, characteristic of the source and
that so depend on the mass, environment, distribution of matter, velocity dispersion of the
matter and source, and type of galaxies within the host halo. As it was anticipated in the
introduction there are two different type of astrophysical gravitational wave signals that can
be distinguished basing on their duration. The first ones, (I), are those signals produced
by burst sources and characterized by a very short emission of such waves, like merging
binary sources (BH-BH, NS-NS, and/or BH-NS) and SNe explosions. On the other hand
one could have long duration signals, (II), typical of inspiralling binary sources which have
not merged during a Hubble time; in this case the GW emission is averaged over several
periods of the slow evolution of the orbital parameters (continuous sources). Expressing

















where in the first case, dN [i]GWe/dTe is the merging rate of the events for each halo and














In the latter expression τ 0̂0̂ is the 00 component of the energy-momentum tensor, while AeA
is the amplitude at emission that can be decomposed in the two independent polarizations
of a GW. The angle parenthesis denote the average over a characteristic region whose
dimension is smaller than the scale over which the background changes2 while the overline
denotes the "time average" of the observer. It must be specified that the average runs over
the emitted region whose characteristic dimension is about the scale of the halo dimension




= K[i](z, fe, xµe , θ) (4.15)
and, defining the total gravitational wave density as









e , θ) (4.16)
and recovering the various results obtained in this section, at the end one is able to write
2The angle averages are defined following [180].
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4.3 Contributions to the energy density
An expression for the energy density linked to the properties of the astrophysical sources
has been found. The next step is to perturb the various quantities in order to obtain an
expression for the anisotropic part of the energy density, since it is at the center of the
analysis of this chapter. At first one has to define the comoving coordinates in the real
frame, xµ(χ) where χ is the comoving distance in real space from the source to the detector.
Let us point put that we call observer’s the frame where we perform observations (following
[181]). Note that z̃ is the redshift of the galaxy and x̃ its position in three-dimensional
Cartesian coordinates such that one can write
x̃ = χ̃ñ , (4.18)
where χ̄(x) is the distance-redshift relation in the background Universe and χ̃ = χ̄(z̃), while
ñ is the unit vector in the direction of the observed position of the galaxy. As explained
in [181] one can call "Redshift-GW frame" (RGW) the observed frame, i.e. the "cosmic
GW laboratory" where observations are performed3; the coordinate used in this frame are
such to flatten the past GW-cone so that the conformal coordinates of a GW geodesic can
be written as
x̄µ = (η̄, x̄) = (η0 − χ̄, χ̄n) . (4.19)
It must be specified that η0 in the last expression is the conformal time at observation,
while χ̄(z) is the comoving distance to the observed redshift in RGW-space. Moreover









If now one chooses χ̄ as an affine parameter in the observed frame, first of all it is possible









We will use again the subscripts “e” and “o” to denote respectively the position where
the GW is emitted and received. Remembering the definition of the GW 4-momentum,
equation (4.6), one has to find an expression for the comoving null geodesic vector kµ, that
3A similar treatment has been adopted by [182] for the case of photons.
4In order to obtain the second step it has been used the fact that |n| = 1 and that ∂χ̄/∂x̄j∂x̄j/∂χ̄ = 1.














= (−1,n) . (4.23)
Furthermore it is possible to expand up to the first order the comoving coordinate in the
physical frame xµ as





= x̄µ(χ̄) + ∆xµ , (4.24)




δχ+ δxµ(χ̄) . (4.25)








δx0 = δx0o +
∫ χ̄e
0 δνdχ̄





In order to make more explicit the previous expression, one should compute δkµ. It is
possible if one starts considering the geodesic equation and perturbs it up to the first





γ)kα(χ)kβ(χ) = 0 , (4.27)
where Γ̂µαβ is the Christoffel symbol defined using the comoving metric ĝµν = gµν/a
2. The
first thing to do is to expand the 4-vector kµ(χ) and the affine connection Γ̂µαβ up to linear
order as















γ)kα(χ̄)kβ(χ̄) = 0 , (4.30)












= k̄µ(χ̄) + δkµ(χ̄) . (4.31)
Before continuing it makes sense to expand the scale factor that in the physical space can
be written as











= ā(1 +H∆x0) , (4.32)
where it has been introduced the Hubble parameter in conformal time H = ā′ā . Moreover
easily it follows
a = ā+ ∆a ⇒ a
ā
= (1 + ∆ ln a) . (4.33)




δχ+ δx0(χ̄) = −δχ+ δx0 ⇒ δχ = δx0 −∆x0 (4.34)
and easily it follows
∆ ln a = H∆x0 = H(δx0 − δχ) . (4.35)
In addition, recalling that χ = χ̄+ δχ, it is possible to obtain







Since the final goal is to obtain an explicit expression for the GW energy density, it is









































and this allows to rewrite (4.37) as
dδχ
dχ̄
= δf − H
′
H2
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The next quantity in (4.17) that needs to be expanded and rewritten up to the first order
is the total density n[i]. This quantity, as seen before, depends in fact on the halo mass, the
environment around the halo (tidal effects, velocity dispersion, type of the galaxies) and
these effects could change not only the background number density of the halos but also
the relation between the density contrast of the halos and dark matter5. The perturbed

























Moreover it is possible to rewrite the last term in the round parenthesis recalling firstly





























∆ ln a =
d ln n̄[i]
d ln ā
∆ ln a . (4.42)

















∆ ln a+ δ[i]
)
. (4.43)
The last term that needs to be rewritten is the quantity a(x0)2. Recalling the expansion
for the scale factor found before, one can easily write
a(x0)2 = (ā+ ∆a)2 = ā2(1 + 2∆ ln a) =
1
(1 + z)2
(1 + 2∆ ln a) . (4.44)
where it has been imposed that the scale factor at the observer is 1. Considering now











5As underlined in [48], for this reason it is therefore essential to have a priori the knowledge of an
astrophysical model that connects all these quantities, e.g., see [17, 183, 184].
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it is possible to substitute the various results found in order to obtain a final expression for
the density. Introducing the quantity N [i](z, fe, θ) such that n̄[i](z, fe, θ) = N [i](z, fe, θ)(1+



















N [i](z, fe, θ)
(1 + z)













N [i](z, fe, θ)
(1 + z)

















N [i](z, fe, θ)
(1 + z)
(1 + 2∆ ln a)
(
1 + δf − H
′
H2



















N [i](z, fe, θ)
(1 + z)
(
1 + 2∆ ln a+ δf − H
′
H2

























N [i](z, fe, θ)(1 + z)3
d
dā




N [i](z, fe, θ)(1 + z)4
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where in the last step, in order to make the derivative, it has been used that (1 + z) = 1/ā.







N [i](z, fe, θ)
(1 + z)
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+ ∆ΩGW . (4.48)
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In the last step both the isotropic and the anisotropic contribution have been defined. In


























4.3.1 Connection with halo and stellar mass functions and with star
formation rate
Before expressing the various quantities in terms of the metric perturbations it could be
interesting to find a link with the halo and stellar mass function, and to the star formation
rate, following [48]. In particular as explained by Phinney in [107] the comoving rate
density can be defined at the background level as










In the last equation N [i]GW is the comoving number density of ASGW and it depends on









As argued by [185, 186] one can link the stellar mass to the halo massMh,M∗ = M∗(Mh)6.
























∗,m, Te, z) = Nh(Mh, z)〈N
[i]
GW(θ
∗,M∗,m, z, Te)〉 , (4.53)
where Nh is the comoving number density of halos in a mass interval dMh around Mh.
Comparing these relations with the background quantities (in the observed frame) de-
scribed in the previous sections, one obtains




N [i]GWe = 〈N
[i]
GW(θ
∗,M∗,m, z, Te)〉 . (4.55)
6The authors underline that, in the context of abundance matching, the intrinsic scatter in stellar
mass at a given halo mass introduces an important uncertainty. So they start supposing that M∗(Mh) is
the average galaxy stellar mass as a function of host halo mass and in order to get a perfect monotonic
correlation between the two considered masses. In such a way equation (4.51) easily follows.
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Here λ[i](z, θ) is a generic function that depends on the initial mass function M∗ and, in









K̄[i](z, fe, θ) . (4.56)












where the merging rate of the events in each halo defined previously has been reintroduced.
Now Nh(Mh, z) can be related to the fraction of bound mass at the epoch z in halos of









with ρ̄(z) the comoving background density (one could use for example the Press and
Schechter [155], the Tinker [187] mass fraction). It must be underlined that there are
many models that describe the mass fraction that could be used. As explained by [188,
189] it is possible to express the mass function in terms of the multiplicity function of halos





Physically, this quantity give the fraction of mass that is bound in haloes per unit loga-
rithmic interval in mass. It is useful also to define the mean star formation rate of halos







× SFR . (4.60)
The product of the functions s(Mh, z) and g(Mh, z) gives the multiplicity function of star




= N [i]GWe × SFR . (4.61)
As explained in [48], this analysis hold for the case (I) described before, but if one intro-





it can replace the SFR so to let this prescription work also for the case (II).
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4.4 Anisotropies and Metric Perturbations
In this section an expression for the anisotropies as function of the metric perturbations
will be found. In order to achieve such result, it is fundamental to start considering a
spatially flat FLRW background perturbed in a general gauge at linear order
ds2 = a(η)2
[
−(1 + 2A)dη2 − 2Bidηdxi + (δij + hij)dxidxj
]
, (4.63)
where the vector and tensor component can be decomposed as
Bi = ∂iB + B̂i (4.64)
hij = 2Dδij + Fij . (4.65)







F + ∂iF̂j + ∂jF̂i + ĥij . (4.66)
In particular ∂iĥij = ĥii = 0. After the decomposition of the metric perturbations in their
scalar,vector and tensor part, one should define the four-velocity for a comoving observer
with the cosmic fluid, since it will play an important role in the geodesic equation. At
0− th order it results
uµ = (−1,0)a and uµ = (1,0)a−1 , (4.67)
while at the first order one can write












− a2(1 + 2A)(1 + δv)2 1
a
= −(1 + 2A)(1 + 2δv) = −(1 + 2A+ 2δv) = −1 ,
⇒ δv = −A , (4.69)
where some terms have been cancelled being at second order. So
u0 = (1−A) ⇒ u0 = g00u0 +
g0i]u
i = −a2(1 + 2A)1
a
(1−A)











= −a(vi −Bi) . (4.70)
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(1−A, vi) , while uµ = a(−1−A, vi −Bi) . (4.71)
Remind now the tetrad defined in the previous section and the relations that link the tetrad




= (−1,0) and Eµ (0)
0̂
= (1,0) , (4.72)







































âµ = (0, δiâ) , (4.75)













Let us now write the geodesic equation (4.30) explicitly. First of all it is needed to find the
controvariant form of the metric. In general it results a bit difficult to invert the metric,
but since we are in the case of small perturbations there is a useful approximation that
can be used. Indicated with ḡ the background metric, yields
gµν ' ḡµν − ḡµαḡνβδgαβ +O(δg2) . (4.77)




−1 0 0 0
0 1 0 0
0 0 1 0





 and ḡµν = 1a2

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 .
(4.78)
So, evaluating the various components of (4.77) one gets
g00 ' ḡ00 − ḡ00ḡ00δg00 = −a−2 − a−4(−2A)a2 = −a−2(1− 2A) , (4.79)
gij ' ḡij − ḡikḡjlδgkl = a−2δij − a−4hija2 = a−2(δij − hij) , (4.80)
g0i ' ḡ0i − ḡ00ḡijδg0j = 0 + a−4δijδg0j = −Bia−2 . (4.81)
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−(1 + 2A) −Bi
−Bi δij + hij
 and gµν = 1a2

−(1− 2A) −Bi
−Bi δij − hij
 .
(4.82)
The next step to solve the write the geodesic equation is to explicitly ind the Christoffel




ĝακ(∂ν ĝκµ + ∂µĝκν − ∂κĝµν) (4.83)
α = 0 : Γ̂000 =
1
2
ĝ00(∂0ĝ00 + ∂0ĝ00 − ∂0ĝ00) +
1
2


































ĝ0k(∂iĝkj + ∂j ĝki − ∂kĝij)
= −1
2




(∂iBj + ∂jBi + ∂0hij) (4.86)
α = i : Γ̂i00 =
1
2





























k − ∂ihmk] . (4.88)
Note that in the various Christoffel symbols with (α = i) the ĝ0i terms have been neglected
since they give rise to second order quantities.
4.4.1 Geodesic Equation for the graviton
Before starting with the analysis of the time and space components of the geodesic equation,
it is useful to remind some relations that will be useful in the calculation. Recalling (4.22),
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where kµ was defined, it easily follows that
k0k0 = 1−2δf , k0ki = −δni−ni+ δfni and kikj = ninj +njδni+niδnj . (4.89)










kkj = 0 ,
⇒ dδf
dχ̄
+ ∂0A+ 2∂iA(−ni) +
1
2
(∂kBj + ∂jBk + ∂0hjk)n
jnk = 0 ,
⇒ dδf
dχ̄
+ ∂0A− 2ni∂A + nk∂kB‖ +
∂0hjk
2
njnk = 0 ,
⇒ d
dχ̄




where it was defined B‖ = nkBk. For what regards the spatial part of the geodesic equation,
































Note now that the following relations hold
















m)− himnk∂knm . (4.94)








(δkk − nknk) = 0 . (4.95)














m − himnm) = 0 (4.96)








iB‖ − ∂iA− (∂inj)Bj ,
⇒ d
dχ̄
(δni +Bi + himn










Let us recover now the definition of the graviton 4-momentum (4.6). In order to find the
components of the observed momentum one has to project pµGW in the observer frame









GW)|o = −2πfonâ (4.98)














µ)|o = −2πf0niδiâ = −2πf0nâ . (4.100)
Recalling now the expressions of the components of the comoving tetrad, of kµ and aµ




i = ao ,
⇒ (−1−Ao)(−1 + δfo) + (vi −Bi)|o(ni + δni) = 1 + δao ,
⇒ 1− δfo +Ao − vionio −Bionio = 1 + δao ,
⇒ δfo = −δao +Ao + v‖o −B‖o , (4.101)
(Eâµk
µ)|o = Eâ0k0 + Eâiki = aonâ ,







(ni + δni) = (1 + δao)n
â ,




Setting the values of the latter quantities at the observer, it is possible to integrate the
geodesic equations, obtaining, for the time component, after having defined the quantity
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= −2I , (4.103)
⇒ δf − 2A+B‖ − δfo + 2Ao −B‖o = −2I ,
⇒ δf = −δao − (Ao − v‖o) + 2A−B‖ − 2I , (4.104)
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At the end the space component becomes
δni = δaon

































⊥ −B‖ni +Bi⊥o +B‖oni − hijnj + hijonj
− ni
(













































































































one can rewrite equation (4.109) as follows
δni = ni
(















j ) + 2S
i
⊥
= niδn‖ + δn
i
⊥ . (4.113)
In particular the parallel and perpendicular part of δni have been defined as
δn‖ =
(

















j ) + 2S
i
⊥ . (4.115)
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that using the projectors parallel and perpendicular to the line of sight, i.e. ninj and P ij ,






















































































































One can now think to combine (4.114) and (4.104) obtaining




Recovering now (4.26) and (4.104) the time component of δxµ can be written as

























while using the results of Appendix A.3 one obtains
δx0 = δx0o − χ̄(δao +Ao − v‖o) +
∫ χ̄
0








For what regards the spatial part, considering (4.26) and (4.113) one can write
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while, recalling (4.114) and (4.115), the parallel and perpendicular components can be
written as














= δx‖o + χ̄
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= δx‖o + χ̄
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= δxi⊥o + χ̄
(
























































is the Shapiro time delay [190].
For what regards the quantities δx0o and δxio, they have their origin from the fact that
the physical coordinate time t0 = t(η = η0) = tin +
∫ η0
ηin
a(η̃)dη̃ does not coincide with the
proper time of the observer, T0 in an inhomogeneous Universe. In Appendix A.5, following
[48] it is shown that
















Taking now into account that
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In order now to be able to write the anisotropic energy density as function of the metric
perturbations it is necessary to express the remaining quantities as functions of such per-
turbations. First of all one has to compute explicitly the quantity ∆ ln a. Let us start from
the observed redshift that is given by




























Using now that ao = a(η0) = ā(η̄0) + δao = 1 + δao one obtains
ao = 1 + δao
(4.101)
↓













Using now (4.33) and the definitions of kµ and E0̂µ one can finally obtain an expression
for ∆ ln a7
1 + ∆ ln a = (E0̂µk
µ)(0) + (E0̂µk
µ)(1) = 1 + (E0̂µk
µ)(1)














= A+ v‖ −B‖ + δao +Ao − v‖o − 2A+B‖ + 2I
= δao + (Ao − v‖o)−A+ v‖ + 2I .




= δf − H
′
H2





δf = −δao − (Ao − v‖o) + 2A−B‖ − 2I
∆ ln a = δao + (Ao − v‖o)−A+ v‖ + 2I
⇒ dδχ
dχ̃










(δao + (Ao − v‖o)−A+ v‖ + 2I)






(δao + (Ao − v‖o)−A+ v‖ + 2I)
)
(4.135)
7The following results has been obtained for the photon by [182, 191].
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and, integrating, easily one obtains















































































































δao + (Ao − v‖o)−A+ v‖ + 2I
)
− δao − (Ao − v‖o)















N [i](z, fo(1 + z))
(1 + z)
{(





































(δao +Ao − v‖o)
}
dχ̃ , (4.138)




= − d lnN
[i]
d ln(1 + z)
. (4.139)
In general δ[i] is not a gauge-invariant quantity but as explained in Chapter 3, if considered
in the Synchronous-Comoving gauge as it will be done in the following, such quantity results
gauge invariant.
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4.5 Astrophysical Background in the Synchronous-Comoving
Gauge
Equation (4.138) is the expression of the AGWB anisotropies written in a general gauge.
Starting from that expression and fixing the degrees of freedom characteristic of each gauge,
one could be able to obtain an expression of the anisotropic energy density in the chosen
gauge itself. In this thesis two gauges among the most known and used ones have been
used, the Synchronous-Comoving (SC) and the Poisson (P) ones. The use of former within
the ΛCDM model allows to synchronize observers on the same space-like hypersurface, as
they are comoving with the comoving expansion. The metric can so be written as
ds2 = a2(η)
[
−dη2 + [(1− 2R)δij + 2∂i∂jE]dxidxj
]
, (4.140)





A = 0, Bi = 0
F = 2E and R = −D + 13∇
2E
(or) hij = −2Rδij + 2∂i∂jE .
(4.141)
In this gauge, as shown in Chapter 2, the bias δ[i](SC) is a gauge-invariant quantity. More-
over, in the SC gauge, the spherical collapse model has an exact GR interpretation and
only in this frame halos collapse when the linearly growing local density contrast reaches
a critical value. Quantitatively on large scales it can be defined as
δ[i](SC) = b[i](η)δ(SC)m (4.142)
From now on all the quantities are evaluated in the SC gauge, unless specified otherwise.
Since in this case A = 0, from (4.130) easily it follows that


































In particular, since using the definition of total derivative, ∂‖ = d/dχ̄+ ∂η and that the R
















































































The understanding of the physics behind the various contributions is clear. It is possible
to distinguish local terms taking into account the evolution from source to the observer,






, the Doppler effect (∝ ∂‖E′), the local gravitational potential term (E′′),




It must be stressed that this result has been obtained in the observed frame and so
for this reason all the quantities here defined are gauge invariant. It is now possible to
evaluate the evolution bias related to the distribution of objects along the line of sight.
Since it will be useful in the analysis of the cross correlations, this results will be expressed
also in Poisson gauge. The proof is provided in Appendix A.6.
4.6 Angular Power Spectrum
A good way to characterize the AGWB is to compute the correlation of the energy density
but considering different direction, since it is well know that it is the only quantity that
would not vanish and the only appropriate one that must be correlated [97, 98]. As for
the CMB, the sky is measured and mapped in two-dimensions so it is of great help to
exploit the spherical symmetry allows and work in spherical harmonics space. Hence it is








where the coefficients a`m are given by
α`m =
∫
dnY ∗`m(n)∆Ω(n) . (4.148)
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Note that in the previous expression the [i] index refers to the typical unresolved astrophys-
ical source considered while the greek index stands for the various anisotropic contribution
to the GW energy density, found in the previous section. The next step would be to decom-
pose the a`m’s in spherical space, in order to obtain an explicit expression of the a
[i]α
`m . First
of all it must be noted that it is possible to rewrite (4.146) mapping the anisotropies to the
matter fluctuations. It can be proved that in ΛCDM, from matter density perturbations,





E′′ + aHE′ − 4πGa2ρmE = 0 . (4.151)
From calculations made in Appendix A.7 one obtains
E′ = − H
(1 + z)
f∇−2δm , (4.152)









E′′′ = −3 H
3
(1 + z)3


















and D is the growing mode of δ(SC)m . Later the transfer function that maps the perturbations




































































Introducing now the quantity
W [i](χ̄(z)) = fo
ρc
N [i][z, fo(1 + z)]
(1 + z)
, (4.158)
































δm(x, η0)dχ̄ , (4.159)




















































δm(k, η0)dχ̄ , (4.161)

























′P`′(k̂ · n̂)j`′(kx)Y ∗`m(n̂)Wαδm(k, η0) .
(4.162)
Since the following property holds∫






















































` (k)δm(k, η0) . (4.164)
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` (k)δm(k, η0) , (4.165)
where in the last expression the the spherical transforms were defined as




















Later, in the chapter of the cross correlations, the anisotropies will be mapped to to the
primordial curvature perturbation ζ and not to the matter density, δm, following what was
done for the CMB. The transfer function is relatively easy to obtain. Using the Poisson
equation one can link the matter overdensity to the potential at late times. So
k2Φ(k, a) = 4πGρm(a)a







Φ(k, a) . (4.167)
The next step is to link the gravitational potential Φ to the primordial curvature pertur-
bation generated during inflation ζ. One can show that [164]






where D+ is called growth factor and Tm(k) is the matter transfer function. Combining
the last two equations one finally gets8





ζ(k)Tm(k)D+(η) = Tδ(k, η)ζ(k) . (4.169)
Note that Tδ(k, η) is a function that maps the density perturbations to the curvature
perturbations and, as seen before in the case of the CMB for the function T , it does not
depend on the initial amplitude of each mode and so it is not random. One can substitute


























































8Note that the dependence on a can be interchanged with the dependence on η since a = a(η)


















k2S [i]α∗S [i]β` R
2(k, η0)Pζ(k) , (4.170)










The operator Wα is defined for each contribution in (4.146) and encloses the different
physical effects, while, as anticipated, Υα(k, η̃) is a transfer function that maps the different
perturbed contributions at a given redshift to the density contrast today. In conclusion





























































































































These last expressions are easy to obtain, it is just necessary to apply the properties of the






















































but also some properties of the spherical Bessel functions must be considered, since they
are fundamental in order to obtain the terms at the observer (4.176) and (4.177). The
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properties of interest are


















































Cross-Correlation of the AGWB with
the CMB
Finally, in this last chapter, the various quantities described up to now will be used to
build the cross-correlation angular power spectrum. In evaluating the C`’s we considered
both the contributions of the CMB and of the AGWB will now be considered. Moreover
the inclusion of a non-Gaussian bias will be considered to see how the scale dependence
impacts on the spectrum.
Before passing to the analytical calculation it is necessary to mention some properties
of the cross-correlation, also to understand the physical meaning. The idea of the cross-
correlation between two signals, distinct tracers, is not new. Up to now the number of works
regarding the cross-correlations between, for example, Large Scale Structures and other
tracers is very high. It is worth to report the two paper [68, 69] that aimed to use the cross
correlation between LSS and the CMB in order to study the ISW effect or for a measure
of the weak gravitational lensing effect. Furthermore, very recently, [70] has studied the
cross-correlation between LSS and neutrinos. In this case the goal was to to constrain
potential source populations for the high-energy astrophysical neutrinos and provide spatial
evidence for the existence of astrophysical neutrinos. In fact, despite the existence of
such neutrinos has been proved, their origin is still unknown. Hence, a non-zero cross-
correlation would mean that the source population generating high-energy neutrinos (e.g.,
star-forming galaxies and galaxy clusters) traces the same underlying matter density modes
as the considered galaxy sample. The implication of this result is of great importance:
for the first time it would have been detected the spatial evidence for the astrophysical
origin of the high-energy neutrino events. Another tracer of LSS are the Gravitational
Waves of astrophysical origin, both resolved or not (obviously in this latter case they
form a stochastic background). Gravitational Wave astronomy, it must be remarked, has
opened a new way to study the Universe. Just as an example, the inferred BH masses
obtained from the detection of the first GWs have resulted to be higher if compared with
the expectations and the successive detections have confirmed this behaviour, leading again
to the possibility that BHs could be originated not only at the end of the stellar evolution
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but also in different ways (e.g., Primordial Black Holes, PBHs) and so can still have a role
in the composition of Dark Matter [192]. Lots of different works have recently focused on
such cross-correlations since they could help in different fields: [71] showed how they can
be used to understand the origin of BBHs, [72] showed how cross-correlating GW with
galaxy catalogues would improve the possibility to detect the anisostropic AGWB, while
[73] used the cross-correlation between GW strain and upcoming galaxy surveys to probe
theories of gravity in a new way.
To better understand the concept behind the cross-correlation, a brief description of the
idea at the basis of the analysis made by [71] can be useful. The results about the masses
of the BHs mentioned before, have been responsible for a renewed interest in the study of
Primordial Black Holes and on how they could contribute to Dark Matter. Many studies
have disfavoured PBHs as a significant fraction of DM, but, despite that, the understanding
of the type of merging (astrophysical or cosmological) is fundamental to better understand
the Universe, since would give information also about the physics in the early-Universe.
Hence, the cross-correlation considered is of galaxies (LSS tracers) with GW catalogues.
As the authors explain, the statistical properties of the type of galaxies are able to provide
information about the origin of the system (astrophysical or cosmological). Let us so make
a distinction between two different types of halos, the more massive and the low-massive
ones. In the former case the typical velocities are higher and as a consequence one does not
expect PBHs to form, since theoretically the cross section of their formation is inversely
proportional to a certain power of the relative velocity of the progenitors; PBHs are so
most likely to form in a gravitationally bound binary in low-mass halos. On the opposite,
stellar black holes are expected to form in more luminous and massive halos. The idea
is now clearer, because one could think to correlate the GWs events map with the map
of galaxies. In the case of GW generated by progenitors of stellar origin one would find
that such events are associated with massive halos and so are highly correlated with very
luminous galaxies. However in the case in which such correlation is absent, the GWs come
from low-mass halos. Since low-mass halos trace the filaments of the underlying matter
distribution, after this cross correlation one would be able to get more information on the
clustering properties of these populations.
For the purposes of this thesis, the interest is in evaluating the the cross-correlation
between the GW signal related to the Astrophysical Stochastic Background and the Cosmic
Microwave Background radiation. The two signals are expected to be highly correlated
since their anisotropies are expected to be generated by common sources. As it has been
shown in Chapter 4, the SGWB shows the presence of a density term among its anisotropies
and it can be related to the underling matter distribution through the bias. Constraining it
would give more information on the clustering properties of such structures. Moreover the
addition of the non-Gaussian term introduces a scale dependence as shown in (2.76) and
the goal is to see how this would change the spectrum. The expectation is that on large
scales the spectrum would change substantially. A similar analysis was carried by [193].
In this work the power spectrum of the Cosmic Infrared Background (CIB) is evaluated,
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considering the presence of a non-Gaussian bias like the one used in this thesis. They
found that the signature imprinted by such effect is largest at low multipoles (large scales)
and varying the fNL parameter up the the value of 5 could let a variation of the spectrum
at those multipoles of almost an order of magnitude.
For the first time, the cross-correlation between the AGWB anisotropies and CMB
anisotropies with the presence of a non-Gaussian bias will be evaluated in this thesis.
Furthermore the plots for the C` of such cross-correlation, generated with the public code
MULTI_Class [74], will be reported.
5.1 Cross-correlation formalism
As done for the auto-correlation of the signals analysed before, also in the case of the
cross-correlation the analysis is carried out in harmonic space1. The problem of the noise is
maybe the main obstacle in the detection of a SGWB. Measuring a stochastic background,
in general, is complicated by to the fact that the signal and the noise are practically
indistinguishable and typically the noise is also larger than the signal. The idea is the
following; called X and Y two different tracers, the aX`m carry both a signal contribution











For what regards the link between the observed angular power spectrum, it holds
〈aX`m(zi)aY∗`′m′(zj)〉 = δ``′δmm′C̃XY` (zi, zj) . (5.3)
In particular, substituting the various a`m the observed power spectrum shows different
contributions: the one that correlates the two signals, the one for the correlation of the
two noises and the one associated to the correlations between the various noises and the
signals. It can be useful to analyse in detail the various terms, in order to justify the
statement related to the vanishing of the noise terms. The signal part can be expressed as
〈sX`m(zi)sY∗`′m′(zj)〉 = δ``′δmm′CXY` (zi, zj) , (5.4)
while for the noise terms one can write
〈nX`m(zi)nY∗`′m′(zj)〉 = δ``′δmm′δXYδijNX` (zi) . (5.5)
In this case there are some worthy considerations to do. In the latter expression, in fact,
two important assumptions have been made. The first is related to the fact that noises
coming from different experiments are uncorrelated and is expressed by the presence of the
δXY. This is fundamental because in this way when considering different tracers the noise
1In [194] the advantages of this approach are described.
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term vanishes and so only the signal contribution remains (the cross-correlation between
signal-noise term vanishes too, as it will be seen in few lines). The other assumption is
related to the fact that different redshift bins are uncorrelated and is expressed by the δij .
For what regards the last term one can simply assume (properly) that the instrumental
noise and the signal are uncorrelated and statistically independent, so that one can write
〈sX`m(zi)nY∗`′m′(zj)〉 = 0 . (5.6)
Finally, for different tracers (X6= Y) one obtains that the observed power spectrum C̃XY
coincides with the angular power spectrum coming from the correlation of the two signals,
CXY of (5.4), since (5.5) vanishes. Indicating now the source terms for the Z − th tracer
at redshift zk with ∆
Z,zk









` (k) . (5.7)
This approach is completely general.
5.2 Analytical evaluation of the cross-correlation
After a brief introduction on the basic idea behind the cross-correlation formalism now the
aim is to evaluate the power spectrum of the cross-correlation between the CMB and the
AGWB, described by the following quantity
〈aGW`m aCMB∗`′m′ 〉 . (5.8)
In order to do this, one should obtain and then substitute the a`m for the two considered
contributions. For what regards the AGWB contribution, here simply labeled with GW,
it was shown in (4.164) that








` (k̂)ζ(k) . (5.9)
with S [i]α` are the source functions reported in (4.172)-(4.178). Moreover, here, these
quantities have been written in terms of the the primordial perturbations ζ and not in
terms of the matter fluctuations δm (the transfer functions used to pass from ζ to δm
will be reported later). For what regards the CMB calculation the explicit form of the
corresponding a`m has never been reported, but only the one related to the auto-correlation
C`’s in (3.84). Let us so now explicitly evaluate such terms. From (3.74) it results
aCMB`m (x, η0) =
∫












ikµ(η−η0)−τ S̃(p̂, η, µ)












ikµ(η−η0)S(p̂, η) . (5.10)






(2`′ + 1)P`′(k̂ · p̂)j`′ [k(η − η0)] , (5.11)
one can rewrite the expression for the aCMB`m just found as


































Y ∗`m(k̂)T`(p̂, η0)ζ(k) , (5.12)
where in the last line T` was defined (see also (3.77) and (3.81)). The calculation for the
CMB anisotropies, following [164], has been carried from the point of view of the incoming
photon, while in the case of the AGWB anisotropies, following [48], the calculation has been
carried considering the point of view of the observer. The difference is that the direction
of the momentum of the photon in the two reference frames is exactly opposite. In the
evaluation of the cross-correlation, in order to make everything consistent, it is necessary
to evaluate the term in the same reference frame. In order to SWitch to the case of the
outgoing direction of the observer, as it is done in the following, it is necessary to multiply
by (−1)`2. This means that the factor 4π(−i)`, that in equation (5.12) is inside the T`,
becomes 4πi`. Hence, the source function for the SW, ISW and Doppler effects, becomes









e−τ j`(k(η0 − η)) (5.13)
T SW` (k, η0) = (4π)i`
∫ η0
0
dηδ(η − η∗)TΦj`(k(η0 − η)) (5.14)






[j`[k(η0 − η)]] . (5.15)
In the latter functions the transfer functions TΦ, TΨ, Tv, Tδ have been introduced, in
order to map the various quantities to the primordial perturbations. From now on the
η0 dependence will be kept implicit. An example for the calculation of such transfer
functions has been reported in Chapter 4; in particular in equation (4.169) Tδ is obtained.
2The explanation of this result is easy, since one has to consider that j`(x) = (−1)`j`(−x).
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Substituting now the a`m in (5.8) one obtains

























































Before proceeding with the calculations, it is worth to express all the anisotropies in the
same gauge (note that the CMB anisotropies are written in Poisson gauge, while the AGWB






















































+ Φo − (n̂ · v)o
]}
. (5.17)


























Sv` (k) = 4πi`
∫
dχ̄W [i](χ̄)(3− b[i]e )Hj`(kχ̄)Tv (5.21)






















































































Note that in the last expression the terms at the observer have been neglected. That is
mainly because, as it was shown in Chapter 4, they contribute only to the monopole C0
and to the dipole C1 (remind the presence of the quantity δ`0 and δ`1 in such terms) and
typically the angular power spectrum is computed for higher `’s. It is worth to explicit the









































































































e−τ j`(k(η0 − η))
×
∫

































































































































































dηδ(η − η∗)TΦj`(k(η0 − η))
×
∫




































T ′Φj`(kχ̄)Pζ(k) , (5.39)
























dχ̃T ′ΦPζ(k) , . (5.40)




































































































































































dχ̃T ′ΦPζ(k) . (5.47)
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The transfer function are given by






















where D(a) is the growing mode of δm and f the growth factor. Although, as shown
previously, these anisotropies are characterized by many effects (see (4.146)), in this thesis
we decided to focus on the cross-correlation between the density perturbation term of the
AGWB anisotropies and the late-ISW of the CMB, i.e. equation (5.27). This choice is
justified by the fact that these term is expected to provide the dominant contribution.
However this statement does not exclude that also other anisotropies could play a non-
negligible role.
Astrophysical kernel For what regards the astrophysical kernel, W [i](χ̄) we considered
the case of the contribution generated by BBHs in the LIGO frequency range (following
[195] we consider a frequency of 90 Hz) since such contribution is very likely to be observed
by aLIGO [75]. We considered for the BH masses the PDF provided by [196] in the range








In the latter equation Ω̄ ∼ 10−10 is the monopole3. We introduced a window function
w(z), that represents how the detector is efficient in measuring the AGWB. As underlined
by [195], it can be computed by integrating the probability density function of the SNR
from 0 to the threshold for the observation of a GW from a resolved source. Here such a




dSNRp(SNR|z, fo, ~θ) . (5.52)
The total comoving number density at fixed redshift z, N(z, fe, ~θ) can be written as




where R(z, ~θ) is the intrinsic comoving merger rate of BBHs and dEGW,e(fo, z, ~θ)/dfeΩe
the energy of GWs emitted with a frequency fe. We considered the energy spectrum for the
stages of the evolution of a binary system, i.e. the inspiral, the merger and the ringdown,
given by [108, 109, 198]. In these works the authors report the construction of a three-
3We considered this value given the lastes LIGO/Virgo constraint on the monopole [29].
4See the reference paper for an analysis for the characterization and removal of resolved sources.
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dimensional template bank from inspiralling binaries consisting of compact objects (e.g.,
BBHs). The authors underline that modelling a GWs signal from a binary with generic
spin is highly difficult, since they require numerical simulations with a high number of
parameters. Nevertheless they build a template by matching post-Newtonian description
of the 3 phases with numerical relativity simulations. They parametrize the waveform
family with three parameters, the total mass of the binary M = m1 +m2, the symmetric
mass ratio η = m1m2/M2 and a spin parameter χ, with m1 and m2 the masses of the COs.
Their template results highly effective in the description of binaries with non-precessing
spin, i.e. aligned or anti-aligned with the orbital angular momentum. Furthermore, it can
be used also for signals from precessing binaries but only when the masses of the compact
objects are comparable, since in this case the total angular momentum is dominated by
the orbital angular momentum and the precession is negligible5 [109, 198]. The merger
rate of compact objects has been computed considering a linear dependence on the star
formation rate (SFR) as follows [195]
R(z, ~θ) = ASFR(z, ~θ) , (5.54)
with A a constant related to fraction of compact objects that form a binary and to the
number of binaries that merge in an Hubble time. The value of this constant has been
obtained from the latest constraints by aLIGO’s and aVirgo’s third observing run [29],
obtaining R(0) = 19.1GPc−3yr−1 [195]. Finally the SFR has been parametrized following
[199], neglecting the contributions of the time delay between the formation and the merge
of the binary.
5.3 Results
We plot the angular power spectrum for the cross-correlation between the AGWB and
the CMB, the angular power spectrum of the AGWB anisotropies and the CMB one. In
this thesis we focus only on the contribution of the density anisotropies for the AGWB
and the late-ISW for the CMB, i.e. equation (5.27), since it is expected to give the
dominant contribution. We leave the analysis of the other terms described in this thesis to
a future work. We consider only the contribution of BBHs in the aLIGO frequency range,
since it is more likely to be observed by the next aLIGO run (O5) [75]6. The plots have
been obtained using the public code Multi_CLASS [74], in which we implemented the
astrophysical kernel described in the previous section.
We report in Figure 5.1 the superposition of the auto-correlation of the density term
for the AGWB, the auto-correlation of the late-ISW and the cross-correlation between the
two. We consider a constant bias b = 1.5 as an example. We observe an increase of the
spectrum at low multipoles. Then it reaches a maximum near ` ∼ 25 and decreases rapidly.
5For the explicit expression and parametrization of the waveform in Fourier space check the reference
papers.
6We consider for the BH mass the PDF provided by [196], in the range 1 − 50M and at a frequency
of 90 Hz.
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This behaviour was very likely to be expected and can be understood by analysing the two
auto-correlation spectra. In fact, the density spectrum (green curve) shows a steeper
growing behaviour at low multipoles with respect to the late-ISW decrease (red curve).
It is reasonable to argue that a combination of these spectra should grow in the range
considered, where the density contribution dominates. We specify that now the curve still
grows as a power-law, but more slowly with respect to the auto-correlation. When the
late-ISW compensates the growth of the AGWb density spectrum the cross-correlation
shows a peak and then a decrease (since the late-ISW then dominates).
In Figure 5.2 we report the cross-correlation power spectrum fixing the bias to the
constant value b = 1.5 and varying the fNL. The latest Planck results [57] imposed con-
straints on the value of f locNL, i.e. fNL = −0.9± 5.1 (68% C.L.). In our analysis we consider
values of fNL = 1, 5,−1,−5, but also fNL = 10,−10. These latter are just representative
to enhance the effects of the NG contribution to bias. As shown in the figure the NG
effects are relevant only at large scales (low multipoles) and vanish at ` ∼ 20. This can be
explained recalling equation (2.76): the NG contribution adds a scale dependence ∝ 1/k2
and so it is reasonable that for small scales (large k), such effect is damped. Moreover we
observe an enhancement for positive values of fNL and a suppression for negative values.
Hence we plot the percentage difference in 5.3. The plot shows the percentage difference
with respect to the Gaussian case for the values of fNL considered. We observe that the
NG effects produce an appreciable deviation up to ` ∼ 15, where the variation is of about
∼ 1%. When ` = 2 we observe that fNL = 10 produces an enhancement of more than the
30% with respect to the Gaussian case, while for fNL = 5 and fNL = 1 such enhancement
is respectively of only the 20% and the 5%. For a negative value of fNL we observe a
suppression of the < 5%, < 20% and ∼ 30% respectively for fNL = −1,−5,−10. We also
plot the auto-correlation for the AGWB density anisotropy in Figure 5.4. We observe a
similar behaviour as the cross-correlation’s one, i.e. distinguishable NG effects only for
small multipoles, an enhancement for positive values of fNL and a suppression for negative
ones. Now we observe that the enhancement of the spectra is greater with respect to the
one observed in the cross-correlation (up to 60% when fNL = 10 for ` = 2). Conversely for
negative values we observe that the spectrum results suppressed and such a suppression
results higher for the auto-correlation: we observe a decrease up to the 40% at ` = 2 for
fNL = −10, when in the cross-correlation it was only of ∼ 30%. We observe the same
behaviour for fNL = −1 and fNL = −5.
We also perform an analysis to study how the NG effects are sensitive to different values
of the bias, when fNL is fixed. We fix fNL = 4 and consider values of the bias equal to
1.3, 1.5, 1.8, 2 as an example. In Figures 5.6 and 5.4 we report the angular power spectrum
obtained respectively for the cross-correlation and the auto-correlation. We then plot for
both the cross-correlation and the auto-correlation the percentage difference with respect
to the Gaussian case for each value of the bias in Figures 5.7 and 5.9. We observe that
a higher value of the bias the spectra is responsible for an higher percentage difference.
In other words, higher values of the bias enhance the effects of NG at fixed fNL. This
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behaviour can be explained recalling again (2.76). The NG term is proportional to the
difference (b− 1) and so it is reasonable that higher biases are related to a higher value of
such a difference and so to an enhancement of the spectra. In particular we observe that
the auto-correlation spectrum results more enhanced with respect to the cross correlation
one. When ` = 2 we observe an enhancement of the > 30% for a bias b = 2 in the former,
while an enhancement up to the 20% in the latter. At higher multipoles the enhancement
is nearly the same for both the spectra. We repeat the analysis choosing fNL = −6 and we
report the plot obtained in Figures 5.10 and 5.12. We also plot the percentage difference
in Figures 5.11 and 5.13. Now we observe that for higher values of the bias both the
cross-correlation and auto-correlation spectra result suppressed and in particular a larger
suppression for higher values of the bias. Finally we observe that the auto-correlation
spectra result more suppressed with respect to the cross-correlation one: when ` = 2 we
observe a suppression of the 35% for a bias b = 2 in the former, while a suppression up to
the 30% in the latter.
5.4 Future prospects
In the previous section we described the effects of a NG bias to the cross-correlation power
spectrum between the late-ISW anisotropies for the CMB and the density ones for the
AGWB. In particular we considered the contribution generated by BBHs, since it is very
likely to be observed by aLIGO [75]. We report the information about the astrophysical
kernel considered in Section 5.2. We saw that the spectrum shows a peak at multipoles
∼ 25 to then decrease rapidly. Furthermore the introduction of a NG bias leaves an imprint
on the spectrum at small multipoles (large scales) and even in the case of a large value
of fNL, results negligible, damped by the k−2 dependence. We plot the cross-correlation
angular power spectra in Figures 5.1 and 5.2, assuming a bias b = 1.5 for illustrative
purposes and for different values of fNL.
In this analysis we evaluated the contribution to the cross-correlation only between the
density term of the AGWB anisotropies an the CMB late-ISW, since as stated by [195],
it is expected to provide the dominant contribution. However it is not excluded that also
other anisotropies, e.g., the Doppler or the Kaiser terms, could play an important role [48]
and we pospone to a future analysis the study of their signatures on the cross-correlation
spectrum. Another interesting application of the cross-correlation could be related to the
study of the effects of Dark Energy (DE) on the angular power spectrum. DE is responsible
for the variation of the potentials Φ and Ψ, so leaves its signature in the late-ISW but also
in the NG contribution to the bias, that is proportional to Ωm and D(z). The behaviour
of the cross-correlation spectrum could be highly sensitive to DE, since would experience
it both in the late-ISW contribution and in the density one. Another interesting study
could be focused on the evaluation of a non-constant bias, i.e b ∝
√
1 + z [43, 200], to see
how its effects could change the spectrum.
The detection and characterization of the AGWB will be an important achievement for
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Figure 5.1: The plot shows three different spectra: the auto-correlation for the density
anisotropies Cδδ` (green curve), the auto-correlation for the temperature anisotropies C
TT
`
(red curve) and the cross-correlation between the two, CTδ` . We considered the contribution
of BBH, fixing the bias to the value b = 1.5. We plot the temperature C`’s only for the
late-ISW effect, since it is expected to give the main contribution to the cross-correlation
with the density anisotropies. As expected the spectrum grows for low multipoles and
decreases rapidly for the higher ones.
the GW community. This will be another step toward the study and the understanding of
the astrophysical properties of BHs. Moreover it will allow a new way to probe GR and
will be a crucial part in the search for a SGWB of cosmological origin. Many efforts have
been already made to study of the ASGWB, both analytically and numerically and also the
impact of the astrophysical parameters peculiar of the various sources have been studied.
Nowadays many detectors have been built and many other have been proposed. With
future space-based interferometers like LISA, DECIGO, BBO, and earth-based detectors
as ET, KAGRA, aLIGO, we expect to reach sensitivities high enough to measure not
only the isotropic contribution, but also the anisotropies of the SGWB. Such result could
be obtained by cross correlate the signal obtained by more detectors. An interesting
future analysis could be related to the study of the capability of current detectors, e.g.,
aLIGO, and future detectors, e.g., LISA, to measure such a signal, both in its isotropic
and anisotropic components.
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Figure 5.2: We report the cross-correlation power-spectrum between the AGWB density
anisotropy and the CMB late-ISW fixing the bias to 1.5 and for different values of the
fNL. We observe an enhancement for positive values of fNL and a suppression for negative
values. The NG effects are damped for ` > 10.
Figure 5.3: The plot shows the percentage difference between the cross-correlation power
spectra considering the effects of a NG bias and the Gaussian reference case (fNL = 0).
We observe a suppression/enhancement up to the 30% when fNL = +10/− 10.
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Figure 5.4: We report the auto-correlation power-spectrum for the AGWB density
anisotropy fixing the bias to 1.5 and for different values of the fNL. We observe an en-
hancement for positive values of fNL and a suppression for negative values. The NG effects
are damped for ` > 15.
Figure 5.5: The percentage difference between the auto-correlation power spectra shown if
Figure 5.4 considering the effects of a NG bias and the Gaussian reference case (fNL = 0)
are shown. We observe an enhancement up to the 60% when fNL = +10 and a suppression
of almost the 40% when fNL = −10.
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Figure 5.6: We plot of the cross-correlation spectra for a fixed value of fNL = 4 and
considering different values for the bias, i.e. 1.3, 1.5, 1.8, 2, as an example to study the
behaviour of the spectra.
Figure 5.7: We report the percentage difference of the spectra reported in Figure 5.6 with
respect to the Gaussian case. We observe that for higher values of the bias the NG effects
result to be enhanced at fixed fNL, up to the 20% when b = 2.
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Figure 5.8: The plot shows the auto-correlation spectra obtained fixing the value of fNL = 4
and considering different values for the bias, i.e. 1.3, 1.5, 1.8, 2, as an example to study the
behaviour of the spectra.
Figure 5.9: The plot shows the percentage difference of the spectra represented in Figure
5.8 with respect to the Gaussian case. We observe that for higher values of the bias the
NG effects result to be enhanced at fixed fNL up to the ∼ 30% when b = 2.
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Figure 5.10: We plot of the cross-correlation spectra for a fixed value of fNL = −6 and
considering different values for the bias, i.e. 1.3, 1.5, 1.8, 2, as an example to study the
behaviour of the spectra.
Figure 5.11: We report the percentage difference of the spectra reported in Figure 5.10
with respect to the Gaussian case. We observe that for higher values of the bias the NG
effects result to be enhanced at fixed fNL, with respect to the Gaussian case, up to the
30% when b = 2.
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Figure 5.12: The plot shows the auto-correlation spectra obtained fixing the value of
fNL = −6 and considering different values for the bias, i.e. 1.3, 1.5, 1.8, 2, as an example
to study the behaviour of the spectra.
Figure 5.13: The plot shows the percentage difference of the spectra represented in Figure
5.12 with respect to the Gaussian case. We observe that for higher values of the bias the
NG effects result to be enhanced at fixed fNL up to the 35% when b = 2.
Conclusions
One of the main tasks for current and future GW detectors will be the detection and the
characterization of the SGWB. To do this, it will be crucial to disentangle the AGWB
from the CGWB. The aim of this thesis has been to perform a complete analysis of the
AGWB anisotropies focusing on the cross-correlation with the CMB ones, as a new tool
to distinguish the two contributions and to extract cosmological information from the
AGWB. To do this, it has been studied the effect of a non-Gaussian bias on the AGWB
auto-correlation and AGWB-CMB cross-correlation angular spectra.
In Chapter 1 GWs have been introduced: starting from the definition, we showed how
they propagate in a flat and then in a curved background. In this latter case, we consid-
ered the short wave approximation which is valid when the characteristic wavelength of
the GW is much smaller than the background’s one. Then we reported the four frequency
bands in which we expect a signal from a gravitational wave but also the three types of
GW signals expected: continuous, burst and stochastic. In particular we discussed the
stochastic contribution of astrophysical origin and the various sources that could generate
it. At the end of the chapter we mentioned the latest results obtained on the AGWB
from the NANOGrav collaboration. In Chapters 2, 3 and 4 we analysed the key quantities
needed to study the cross-correlation mentioned before. In Chapter 2 we briefly described
the LSS formation by gravitational instability and, after that, we introduced the concept
of the bias. We then discussed the effect of NG on the bias considering the bispectrum
of the distribution, equation (2.64) and using the peak-background split method, equation
(2.76). In Chapter 3 we evaluate the CMB anisotropies. We start studying the collision-
less Boltzmann equation; then we consider the collisional part accounting for the influence
of the Compton scattering. Starting then from the Boltzmann equation we found an ex-
pression for the anisotropies of the CMB in the Poisson gauge. We then decompose these
anisotropies in multipoles and finally in equation (3.70) we reported all the relevant effects.
In Chapter 4, instead, we studied AGWB anisotropies are studied. After a brief introduc-
tion on how the AGWB could provide information on the properties of the astrophysical
sources that generated such signal, we provided, in a general gauge, a derivation of the
anisotropies, equation (4.138). In this thesis we evaluated these anisotropies both in the
Synchronous Comoving gauge in equation(4.146) and in the Poisson Gauge in equation
(A.34). Finally in Chapter 5 we reported the original part of this thesis, consisting in the
evaluation of the cross-correlation power spectrum.
We provided plots of the angular spectrum of the cross-correlation between the AGWB
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density anisotropy and the CMB late-ISW, since it is expected to give the dominant con-
tribution. They have been obtained using the public code MULTI_Class. Since the
code was developed for the study of resolved GW sources and different galaxy population
models, we implemented a proper astrophysical kernel W to model the stochastic GW
signal, accounting only for the contribution generated by Binary BHs to the AGWB, since
it is expected to be observed in the next Advanced LIGO run (O5). We plan to extend
the analysis to different sources and different (current and future) detectors.
We provided a comparison plot, Figure 5.1 in which we reported the auto-correlation
spectrum of the density anisotropies, the late-ISW one and the cross-correlation spectrum.
We observed that this latter grows for small multipoles, showing a peak at ` ∼ 25 and then
a rapid decrease. We explained this behaviour as a combination of the growing behaviour
of the density anisotropies and the decreasing one of the late-ISW. We chose a bias b = 1.5
for illustrative purposes and we observed the variations of the spectrum for different values
of fNL, i.e. 1, 5, 10,−1,−5,−10 (Figure 5.2). We observed an enhancement for positive
values and a suppression for the negative ones. We repeated the analysis for the auto-
correlation spectrum of the AGWB density anisotropies and we found that on one hand
the spectrum is more enahenced for positive values of fNL at low multipoles, on the other
it is more suppressed for negative ones (Figure 5.4. In order to appreciate such a deviation
from the Gaussian behaviour fNL we also plot the percentage differences for both cases in
Figures 5.3 and 5.5). We also analyse the behaviour of the spectrum for a fixed value of
fNL and different values of the bias. We observed that a higher value of the bias enhances
the NG effects and, as in the previous case, we observed that the higher enhancement is
obtained in the auto-correlation spectra (see Figures 5.6 and 5.8 for fNL = 4 and Figures
5.10 and 5.12 for fNL = −6). We plot also in this case the percentage difference in Figures
5.7, 5.9, 5.11, 5.13.
In a future analysis the signatures imprinted by other anisotropies will be evaluated.
Although the cross-correlation spectrum evaluated in this thesis, i.e. (5.27), is expected
to give the prevailing contribution, it is not excluded that also other terms could provide
a significant contribution to the spectrum. Moreover DE leaves a signature both in the
density term (in particular in the NG contribution to the bias) and in the late-ISW one.
The analysis of the imprint of DE on the cross-correlation spectrum will be analysed in a
future work. Another direction could be related to considering the effects of a non-constant
bias, i.e. b ∝
√
1 + z to see how such a dependence modifies the spectrum itself. Finally a
future analysis should comprise also the study of the capability of future (e.g., LISA, BBO,
ET) and current detectors (e.g., aLIGO, KAGRA) to observe the AGWB signal and so be
able to test Cosmology.
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Appendix A
Useful Calculations
A.1 Proof of (1.7)
The goal of this section is to obtain an explicit expression of the RHS of the Einstein

















ν − ∂µhνσ) (A.1)
It is easy then to evaluate the Riemann tensor. It follows
Rµνσρ = ∂σΓ
µ

















ν − ∂σ∂µhνρ − ∂ρ∂νhµσ − ∂ρ∂σhµν + ∂ρ∂µhνσ
]
(A.2)
Now one can evaluate the Ricci tensor and the Ricci scalar very easily, it yields


















ν −hνρ − ∂ρ∂νh
]
, (A.3)
R ≡ Rνν = ∂σ∂νhνσ −h . (A.4)
The Einstein tensor so can be written as
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It is possible to simplify the expression removing the dependence on the trace h = hµµ by












ρ∂µh̄νρ −h̄µν − ηµν∂α∂βh̄αβ) . (A.7)
A.2 Gauge Invariance of the Bias
The aim of this subsection is to show that the bias b and be are gauge invariant quantities.
This is not surpising since these parameters are in principle observable [182]:
• for a change δm in the average mass density within a volume at a fixed age of the
Universe b quantifies the consequent change in δg;
• be represents the change of the average number density of galaxies on the age of the
Universe.
One could quantitatively see this gauge invariance just considering the effect of a change
in the time coordinate
τ → τ̆ = τ + T , (A.8)
with T = T (τ,x). In general for a scalar function one expects no change under this
transformation so one can write
g = ḡ(τ) + δg(τ,x) = ḡ(τ̆) + δ̆f(τ̆ , x̆) , (A.9)
where ḡ is the background value. So it results
δ̆f = δf + f̄(τ)− f̄(τ̆) = δf + f̄(τ)− f̄(τ + T ) = δf − df̄(τ)
dτ
T . (A.10)
So let us see how the perturbations in the galaxy number density change. It results [182]






















= δg − beHT . (A.11)
Moreover one can show that [182]
δ̆z = δz +HT (A.12)
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and easily one obtains that the quantity δg + beδz is gauge invariant.
Let us now fix b and be and applying this transformations to (2.83) one obtains
δ̆g = b[δ̆m − 3Hδ̆η]− beHδ̆η + ε
= b[δm + 3HT − 3H(δη + T )]− beH(δη + T ) + ε
= δg − beHT . (A.13)
Equation (A.11) is obtained again. In this sense b and be must be gauge-invariant.
A.3 Double Integral by parts
The calculation of this integral is necessary in order to simplify (4.120). The proof is very








dχ̃(F (χ̃)− F (0)) =
∫ χ̄
0
dχ̃F (χ̃)− χ̄F (0) . (A.14)
Moreover it holds∫ χ̄
0






























dχ̃F (χ̃)− χ̄F (0) . (A.15)








dχ̃(χ̄− χ̃)f(χ̃) . (A.16)
A.4 Parallel and orthogonal projector operators
In this section some relations associated with projected quantities will be obtained. The
reason for which it is useful to work with projected quantities, is that in this way it is
possible to identify the various contributions along and perpendicular to the line of sight.
One should think to a three-dimensional Cartesian reference frame in which the z axis
connects the observers to the starting point of the GW detected, thus defining the so
called line of sight which is basically identified by the direction n̂. Hence the x−y plane is
perpendicular to the line of sight and passes through the source position. Let’ see so how
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to decompose derivative operators, vectors, tensors in the way just described. It follows
A‖ = n
injAij and Bi⊥ = P ijBj = Bi − niB‖ , (A.17)









− ni∂̄‖ . (A.18)




















A.5 Expressions for δx0o and δxio
In this part an explicit expression for δx0o and δxio will be provided, following [48]. These































then, focusing on the case with µ = 0 and considering the physical coordinate dt = a(η)dη
at the observer, it yields







Now t0 = t̄0 + δto where t̄0 is the time coordinate of the observer and, therefore, it has to
coincide with the proper time, i.e.,
t̄0 − tin = T0 − Tin . (A.25)
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and δto = āoδηo = δηo, so one can write









Note that the integration dT along the path of the observer has been changed with the
integration dη at a fixed spatial coordinate. At linear order the path of the observer
can be approximated as a static one in computing the coordinate lapse and spatial shift
(see eq. (3.15) of [201] for more details). The coordinate lapse in (A.27) means that the
time coordinate of the observer is different from that in a homogeneous Universe and this
deviation is the cumulative time decay due to the metric perturbations along the trajectory
of the observer.
Let us see what happens for the spatial part. The spatial coordinate shift can be obtained
by integrating (A.22) over the proper time obtaining












A.6 Anisotropies in Poisson Gauge
In this section all the GR effects are written in the Poisson Gauge (P). In this case the
metric (4.63) can be obtained by putting A(P ) = Ψ, B(P )i = 0, h
(P )
ij = −2Φδij, F
(P )
ij = 0,
where Φ and Ψ are the Bardeen potentials. By assuming the concordance background
model and, at the first order, neglecting the anisotropic stress, it results Φ = Ψ and
ds2 = a(η)2
[
−(1 + 2Φ)dη2 + δij(1− 2Φ)dxidxj
]
(A.30)




(4.111) and (4.126) one gets


























that are respectively the Shapiro time-delay term and the integrated Sachs-Wolfe effect.
For dark matter particles in general relativity it results v′ +Hv +∇Φ = 0 and the GW’s
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overdensity in Poisson gauge is written as (see Appendix A.9)
δ[i](P ) = δ[i](SC) − b[i]e Hv + 3Hv
= b[i](η)δ[i]m − b[i]e Hv + 3Hv . (A.33)




















































+ Φo − (n̂ · v)o
]}
. (A.34)
A.7 Proof of the "E" equations
The calculation necessary to then obtain the equations (4.152)-(4.155) is strictly connected
to the metric perturbation and on the link with the matter density perturbation. The
analysis of cosmological perturbations has been carried out in detail by [174], so basing
on the result obtained the expression considered will be get1. Firstly, let us recover the
spatial perturbation of the metric in the SC gauge, (4.140) and (4.141); it results








It is useful to go to Fourier space, since the calculation is a bit simpler, so that the metric
transforms as








The next step should be to consider the energy-momentum conservation equation Tµν;µ
with ν = 0, obtaining the continuity equation for the matter energy density. But before
continuing the calculation it is necessary to underline that the perturbation in Fourier
space of [174] is written in a different way with respect to the one used here. It is useful,














1Note that the calculation is carried also following [182].
2See equation (4) of [174]; here η has been replaced with γ to avoid confusion with the conformal time.
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E(η,k) = −h(η,k) + 6γ(η,k)
2k2
. (A.39)





and from the Einstein Equations (combining equations (21b) and (22) of [174]) one gets
k2γ′ = 4iπGa2kjδT 0j ∝ u = 0 . (A.41)
The last equality in the previous expression holds since in SC the peculiar velocity of a
comoving observer vanishes and it leads to γ′ = 0. In order to show these equations let us
start from the linearized Boltzmann equation for matter density perturbations. Deriving








From the linearized Boltmann equation for cold dark matter density perturbation then one
obtains
δ′m = −ikv ⇒
δm(0)
D(0)



























faHδm = faHδm (A.44)
and since −1/k2 → ∇−2 finally one obtains and expression that links E′ to δm
E′ = − H
1 + z
f∇−2δm . (A.45)
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− 2H . (A.49)








Considering now that it holds E′′ + aHE′ − 4πGa2ρm = 0 and deriving it with respect to
the conformal time one gets
E′′′ +H′E′ +HE′′ − 3
2
[
Ω′mH2E + 2HH′ΩmE + ΩmH2E′
]
= 0































H3EΩm + 3H′HEΩm = 0















H3EΩm = 0 . (A.51)
Note now that from the time evolution equation for E, it results
3
2



















So one can write




































−H2 = aä , (A.54)



































































where in the last step it was used that PΛ = −c2ρΛ. Using these latter results (A.54)
becomes





















































and finally a relation that links E′′′ to δm can be found
E′′′ = −3 H
3
(1 + z)3
Ωm(f − 1)∇−2δm . (A.60)
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The last part of the calculation is linked to the obtaining of an expression involving R.
Considering the 00 part of the linearized Einstein equation [174] one obtains
R = 1
2k2



































It is also possible to show that R′ = 0, a result used to get (4.145). It is necessary, then,
to remind that








Deriving with respect to the conformal time, substituting the expressions for E and D
found before and remembering that γ′ = 0, the result is obtained.
A.8 Alternative Definition of AGWB anisotropies
It is possible to define the GWB anisotropies in a different fashion. One can in fact rewrite












































is the weight of the relative contribution of the sources which is bounded to be f [i]GW ∈ [0, 1].
Here ∆[i]GW is the GW energy-density contrast for each contribution. Note that, using this
new definition, it is possible to describe quickly both the ASGW and CSGW, and compute
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` (k)δm(k, η0) (A.70)
and




















It must be specified that the passages to obtain these relations are exactly the same done
to obtain the α[i]α`m but with the new weight function






N [i][z, fo(1 + z)]
(1 + z)
. (A.72)
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A.9 From Synchronous-Comoving to Poisson Gauge
As anticipated before, in this section an expression that links the bias in Poisson and SC
Gauge will be found. In order to achieve this result it is worth to write all the gauge
transformations from SC to Poisson gauge. In general the various metric elements (and



















































i = 0 , (A.83)
F
(r)







where ∂iF (r)⊥ij = 0 and ∆ij = ∂i∂j −
1
3∇
2δij . In order to change the gauge one has to
remember that the transformation can be achieved through the Lie derivative as follows
∆̃T = ∆T + LξT , (A.85)
with LξT Lie derivative and ξ = (α, ∂iβ + di). It is possible to write the transformations
in a general fashion, to then adapt then to the gauges considered. Indicating with a tilde
the quantities in the new gauge it results
























F̃ ‖ = F ‖ + 2β , (A.90)
F̃⊥i = F
⊥
i + di , (A.91)
F̃ Tij = F
T
ij . (A.92)
The Poisson Gauge is defined by
BP‖ = 0 F
P
‖ = 0 F
⊥P
i = 0 , (A.93)
A.9. FROM SYNCHRONOUS-COMOVING TO POISSON GAUGE 151
while the Synchronous-Comoving Gauge is defined by
ASC = 0 B‖SC = B⊥SCi = 0 v
SC
i = 0 . (A.94)
Substituting now in the gauge transformations written before one obtains






























i + di , (A.100)
F̃ TPij = F
TSC
ij , (A.101)
and also, for the velocity,
ṽ0P = v0SC −Hα− α′ ,
ṽiP =

viSC − β,i′ − di ⇒
ṽP‖ =  vSC‖ − β′ṽiP⊥ =  viP⊥ − di ⇒ E
′ = ṽP‖ = v . (A.102)
At the end one can write α = −E′ and from (A.85), since n(0) depends only on x̄0, one
obtains
ñ[i]P (1) = n[i]SC(1) +
∂n[i](0)
∂η





Remembering now (4.47), finally one can write up to first order















= δ[i]SC − b[i]e HE′ + 3HE′
= b[i](η)δ[i]m − b[i]e Hv + 3Hv . (A.104)
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